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PREFACE 


I N this book I have attempted to put together for 
the benefit of tlie mathematical student those 
properties of the Homogeneous Linear Substitution 
with real or complex coefficients of which frequent 
use is made in the Theory of Groups and in the 
Theory of Bilinear Forms and Invariant-factors ; but 
which have not hitherto been collected in a single 
treatise, so far as I am aware. 

I have confined myself to those properties of 
substitutions which do not depend on airy ‘ group ’ 
of such substitutions. The main reason for this 
limitation is the fact that the most interesting 
properties of substitution-groups may bo found in 
the second edition of Prof. Burnside’s Theory of 
Groups (Cambridge Univ. Press, 1911) ; and it docs 
not seem worth while to repeat work already so 
excellently performed. I have also limited myself 
in the main to the discussion of substitutions whoso 
determinant does not vanish. 

In the range to which I have confirred myself 
I have made considerable use of Dr. Bromwich’s 
Quadratic Forms (Cambridge Tracts, No. 3, 1906), 
Prof. B6cher’s Introduction to Higher Algebra (Mac- 
millan, 1907), Dr. Muth’s Theorie und Anwendang der 
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Elementartheiler (Teubner, 1899), and Prof. Weber’s 
Lehrhuch der Algebra (Braunschweig, 1898), in addition 
to numerous articles in mathematical periodicals. The 
reader will find that the methods of proof are in many 
cases new, though the results are for the most part 
well known. 

I have made no attempt to insert complete i*efe- 
rences, though a reference is occasionally given if 
likely to prove useful to the reader. 

The student will find it an assistance to the under- 
standing of the subject if he will work through some 
of the examples, many of which are quite easy. 
1 have given indications of the method of proof in 
most cases. 

The reader who is more interested in the applications 
than in the abstract theory of the subject may confine 
his attention to the first four chapters in the first 
instance. 

My best thanks arc due to the Delegates of the 
Oxford University Press for kindly undertaking the 
publication of this book, and to the Staff of the Press 
for the care and skill with which the printing has 
been done. 


H. H. 
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CHAPTER I 

ELEMENTARY PROPERTIES OF SUBSTITUTIONS 


§ 1. Definition of Substitution. 

Suppose we are given the equations 

X,/ = +^^ 22^2 +^^ 23^3 + ••• +^ 2 //i^/Al 

,7\ = (( ,^iXy • "h ^^3 ^ (^) 

'^iit ^ ^mi^l F ^^/u 2^2 F ^^//a^3 F • • • + 

Then the operation of replacing by a?/, aq by aq', ... , 
by called the lioimgeneous linear mhstitution A of 

degree m defined by the ecpiations (i). 

In this book 'substitution’ will always mean 'homogeneous 
linear substitution’. 

The m quantities aq , 0:2, . . . , are called the var tables of 
the substitution A ; the quantities a^j are called the coefficients. 
Both variables and coefficients are ordinary real or complex 
quantities. 

The array 


'hi 

"12 • 


• "im 

'hi 



• "2-,» 

"wl 

"m2 * 


• "/ii/H 


will be called the niatrix of the substitution A. If the matrix 
is considered as a determinant, it is called the determinant of A. 
We shall suppose that this determinant does not vanish, unless 
the contrary is stated. 

The substitution A will often be denoted by 

X,' = «,iX, + rt,2a-2+ ... •••.«*') 

or by 

(‘' 11 ^ 1 + ^‘ 12 * 2 + ••• +‘‘^i(n*ni> <'21^’l + "22-‘'2+ ••• +«2H4-*'m) 

..., F 2*^*2 F • • * min^nu* 

B 


1645 
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The substitution 

is called the iinit mbstitution. It will be denoted by the 
symbol 

Ex. 1. If f(Xj y) = 0 is the equation of a curve referred to 
rectangular Cartesian axes, the equation referred to the axes 
obtained by turning the original axes about the origin through an 
angle a> is found by performing on f{x, y) = 0 the substitution 
(rr cos(o— y sino), ^ sin co *f ^ cos o)). 

What is the similar result in three dimensions? 

Ex. 2. The product xy is reduced to the difference of two squares 
by performing on it the substitution x-y), 

§ 2. Products. 

Given two substitutions A and B 

and O’f. -b^-^x-^ *•* !> > 

then P is called the product of A and B, if P is the substi- 
tution 

Xf = 2^/1 "^1 ^2*1“ ~ 1,2, ...,77l), 

where 

Pij = + • - + (/, j = 1 , 2, . . . , m) . . . (i) 

This is denoted symbolically by the equation P = A . B or 

P = 

We can obtain P convenient!}" in practice by operating 
with A on the right-hand side of the equations 

"h ^/2'^2 “h ••• 

We thus obtain 

^ (^^11^1 “h ^12^2 d" • • • d" "h ^/2 (^^21 d~ ^^j2^2 "h • • • 

+ d" ♦ "h b^^y^ "h ^^/i2^2 + . . . d- 

or Xi = 1 ^ 12 ^ 2 '^ ••• 

from equations (i). 

We see immediately that AB and BA are not in general the 
same substitution. If they are, so that AB = BA, A and B 
are said to be permutable or commutative. The conditions 
for this are by (i) 

d" d" ••• d" ~ ^U2^2j **• 

* (/,jf = 1 , 2, ..., 7>0* 

* From the Oerman ^Einheit’. Bdoher in his * Higher Algebra^ uses I. 

f The definition of * product ' holds good, even if the determinant of A or B 
is zero. 
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We readily prove AE = EA = A, 

By the ordinary law for multiplying determinants we have, 
using equations (i), 


Pu 

Pn • 

/h m 


> 

K . 

• \m 

Pn 

P22 • 

Pirn 


K 

'^22 • 

• ^2m 

Pml 

Pml * 

• * Pmm 



^ itvl • 



«ii 

(^21 . 


«12 


ml 


<(2m * 

^ ^ m m 


Therefore : — 

The determinant of the product of tv'o sabstitutioufi it> the 
product of their determinants. 

Suppose now that G is 

^f2^2 "i" • • • d" {t ~ 1 j 2, . , . , 

and that P is the product of AB and 6^ Then 

PiJ = (^11 % + + * • • + m mj) 

■t y d- "I" "h ^^2 "h • • * 

or 

Pi I ^ iy^y/3^^e I f? •••3 

Forming the product of A and BC wo get the same substi- 
tution , i.c. AB ,C=A. BC — P. 

We say that P is ‘ the product ABC of A, By and C \ 
Similarly ABC . D = AB AJD ^ A . BCD ; and so on for 
the product of any number of substitutions. 

The reader will have no difficulty in proving by induction 
that, if P = ABC ,,, KLM, then 

PiJ = ••• ^3 ^ .*.>^37,/^= 1,2, m); 

and that the determinant of the product of any number of 
substitutions is equal to the product of their determinants. 

Ex. 1. Find the product of oc' = x—y y == -x-^y + 2ey 
z' =.ix-^2y^z and of x' = 2x-]r2y—Sz, y^y^-z, z' — x-{-y + z, 

Qin the second of these, substitute from the first x — y + z for x, 
'-~x + y-\-2z for y, 4x^2y — z for z. 
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We get 2 ( 0 ?— ^ + ^) + 2(--a?4'y 4-2^) — 3(4 j’— 

/= (-a;4-^ + 2^)- (4a;-2^- 

z'=^ [x — y-\-3) 4- (—0:4- ^4- 2^) 4- (4.-r — 2^ — -e)] 
or a?'= — 12a;4-6iy4-9<2^, ?y'= —*50? 4-3^4- 3<2^, /= 4o?— 2?/4-25', 
which is the required substitution.] 

Ex. 2. If (2 o?4-2/,3o? 4-2^), J? = (5a?-2^, 2o; — ?/), 

0 = (.r-?/, x-i^y), 

find ABC. BGA, GAB, 

lABC=(Sx + y, r)^c4-2/), BOA ^ {l^x^-^y, 2^x~~9y), 

CAB = (5x-Sy, x-y).2 

Ex. 3. If ^=( 0 :— ^4-2^, 3o?— w ^2x-^y + z) 

and B ~ (4a ' , // + ^. 

find AB and 

[( — 6a;-- 4^4 - ju < Kt 

-rf)^, — 8a;4-43/ — 5^).j 

Ex. (a;4-^-‘-?', ^ - r. -y—js-^tv) and 

(2a;—,v + -2^4-«(;, 2^-t-3<2^— it, ./*— 2^ — 2^— 2?(;) 

are permutablc. 

Q' eir produc. ^ (4a;4“2^4'3?(;, a;4‘ f^, x — 2tf—S^ + 2w, 

— 5a;-->; 3^^ — 4^(;).] 

Ex. 5. ( IX 4- hy, cx 4- dy) and ( J.a; + y) are permutable 

if a-d:6:c = -4-D:/i:G 


Ex. 

6. 

The sub. 

tions 

with 

nt 




! a 

h 

c 



a 

1 




0 

a 

h 


. 

0 

a 




0 

0 

a 


and 

0 

V’ 


a^e 

lutable. 

0 

h 

i 

( ^ 

1 

0 

0 

0 c 



0 

0 

h 

0 d 1 

0 

0 

0 0 

a 


Ex. 

7. 

A. snWii 

with m 

t 

f the 



u 

j 



1 


1 a 

(y 

• 


a 

1 


^m-1 


1 a 

y>j t 

• a, 

^m-1 

0 



«» 

2 

( 

1 f 

a 

• • • 

^2 

OL 

3 

CX 4 . 

. a, 



• \i 


• * 

is called 

cyclaiit 

of type I 

’ or 

• c , , 

e^ant 

0 +’ < VJ* ^ 

' ’ respectively. 

Show 

that the product of any two 

clai 

■bs\ 

ns of type I 

is of type 

I; 

that the product of 

an 

r tv 0 

cyclan 

.abstitutions of 


type II is of type I ; and that the p^ duct of a cyclant substitution 
of type I and a cyclant substituiior type II is of type II. 

Show tliat any two substitution^ .i type I are permutable ; but 
that this is not in general true of type II. 
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13] INVERSES AND POWERS 

Ex. 8. If + 

rtid:2 + &iX3 + Cia;4+..., + ..., 

So = (a^x^ ’¥b,Xo’^ c»x., + doX, + ..., 

' . ‘ ' ' ' i'\i+ 

then SiS.^S^i ... = (ocx^-^ i^Xo + yx^^ + Sx ^-\- ..., ..., 

a^^ + /:^a.’4+ ..., ..., ocxj; 

where (ai-^h^x + CiX^-{- ...) x {a.,-\-h^x + c.^x'^ + .,.)x ... 

= (a + /lr + ya;2+ ...). 

[Use induction.] 

Ex. 9 . Prove that any two of the sul>stitutions 8\, S^y S^,, ..., of 
Ex. 8 are permu table. 

§ 3. Inverses and Powers. 

The product A A is denoted by A-, AAA by A'^\ A AAA 
by AS.... 

If the determinant of A does not vanish, we may solve the 
eciuations (i) of § 1 for Then we obtain 

= + ••• 1, 2,...,m) 

where = A^-/| a | ; A^j being the cofactor of in the 
expansion of the determinant |al of A. 

The substitution 

a ^ 1 "b 2 *b • • • "b f ) • 5 ^^0 

is called the substitution inverse to A, and is denoted 
by A-b* 

It follows from the definition that AA~^ = A~^A = E, 

The substitutions inverse to A^ A'^ Ab ... are denoted by 
A-2, A-b .... 

Since 

A^A-2 A A~^ = AEA-^ = A . A A~K A'^ 

= A'-^.A-M'b (A-^)‘“^=: A'*-'; 

and similarly 

(A-b*^- A-b (A-^y = A-\ .. . 

The reader will now readily prove that (if A^ = E and 
A^ = A) A^A’' = ; where m and n are any positive or 

negative integers. 

The inverse of AJ5 is jB'^A'b In fact AR . 

= AA~^ = E. Similarly the inverse of ABC is C~^B~^A 
and so on. 

The substitutions A, Ab Ab A^, ... may be all distinct. If 
this is rot the case, suppose A** = A"*’ (r>s). Then A'. A'" 


* This definition only holds good if the determinant of A is not zero. 
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= A\A~'* or A''* = E\ so that one of the series A, A'^, A\ 
A*, ... is E., Let A“ bo the^rst of this series which is E. 
Then n is called the order of A . 

Ex. 1. Find the inverse of 

x' — y'= ix—y+^z, z' = 'ix-¥y-\-2z. 

[^Solving for x, y, z we get 

X— — 6a:'+/ + 70', y =4x'— /-4/, z'=7x'—y'-Sz'. 
Therefore the required inverse is 

x'= —Gx+ii+lz, y'-= ix-y~iz, z'=7x-y-Sz.'} 

Ex, 2. Find the inverses of 

{S.r-2y, ix—Sy), {-2y—z, 2x + ‘dy+2z, -x—y—z), 

(2x+y+z^-te, 2x-\-2z—w, —x-iry—z-\-w, —y—%v). 

\_[Gx-2y, ix-Gy), {x+y + z, y-\-2z, -x-2y-iz), 

(a5 + « + 2M>, y-\-2z + ‘ii\ - x — 2z — Sw, —y~2z — 2w)^ 

Ex. 3. Find the inverses of 

X(^ (X^X-^j X'^^ OjXj, ...j X,^^^ 

(axi+a;.^) 

(.(•2, x,, ..., x„„ etXi+e^x.^+...-\-e,^xJ, 

(xi, Oix, + x,, a-Kr, + 20ix,+x„ a>»-^x,+^^-W,a^'‘-^x, 

‘ +”‘-^C,oc'^-^x,+ ... + xJ. 

X2 + ctoXi. x.^ + a-^x,, ..., + 

(a"*a;i — a^''^r2 + c«^'*.r,;— .... (x"'^X2—0L'^x^+a~‘%—..., ..., a‘ 

i + rj, Xj, 

{x^, —oiXi+x^, (X-x^—2o(X2+x_^, — + 3aa;3+a’4, ...).3 

Ex. 4. The inverse of a substitution with a matrix of the type 


0 

0 

0 

a 


z> 

c 

B 

A 


0 

0 

0 

a 

a 

y 

has a matrix of the type 

G 

B 

B 

A 

A 

0 

0 

0 

; and 

OL 


y 

8 

^ . 1 • p 1 _ 

A 

0 

0 

0 



similarly for substitutions of any degree. 

Ex. 6. Find the orders of 

{Qx-4y.2x--dy). (8x-13y, 5x-8y], (^^(x-y), -^^{x + y))^ 

(-y, -z, -u;), {ox + Gy, -4x-5y, 8x + 8y-z), 

(Gx-'dy + iz, 2x-3y + 4z, —y+e), 

(hx + 2y-i-2z + 2tv, 2x + y-\-2iv, —8x—4y — Bz—4w, 

-&x-2y-2z-Sic). 

[2, 4, 8, 6, 2, 4, 2.] 

Ex. 6. Show that 

(— 'if, — ir..— To— a,| — X2~\-^CiX^-\-^CiX^'\- ,,,, 

is of order 2. 
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Ex. 7. Show that 


2a( 


is of order 2. 

What is the geometrical interpretation if m = 3 ? 

[(a?/, x^') and {x^^ .r 2 , are reflexions of each other in 

the plane a.^x^ = 0. ] 

Ex. 8. If ad — l)C= 1, the necessary and sufficient conditions 
that {ax + hy^ cx + dy) should he of order 2 aie =1. /> = rrr= 0. 
If ad — he = — 1, the condition is a-hd = 0. 


Ex. 9. If A is {ax, bx + at/, cx + az), 

is {a^x, ^ 6^ + a^y, cx-\- a'^z). 

[If this were true we should obtain A'^^^ by substituting ax 
for X, hx-\-ay for y, cx + az for z in this value of A^^ ; i. e. 
would be 

(a^ (ax), naP' “ ^ 6 (ax) 4- a^^ (bx + ay), ~ ^ e (a.r) 4- a” (ex 4- az)) 

or (a^'^^x, (n-^l)a^^bx + aP^^y, {n'\-l)a^‘'Cx-\-a'^'^'^z)» 

Now use induction. Examples 10 to 15 may be treated some- 
what similarly.] 

If ^ is of finite order, 6 = c = 0, and a is a root of unity. 

Ex. 10. If A is (ax, cx-\-dy), A*^ is (d^x, cx-^-d'^yY 

a a J 

What are the conditions that A is of finite order ? 


Ex. 11. If A is (coso) . 0 ?— sinco . I/, sin w . a:4-cosco. ^), A'^ is 
(cos n(»). X— sin na) . y, sin n(i).x + cos 7io) . y). 

What is the condition that A is of finite order ? 

Ex, 12. Prove that the w-th power of 

(axi+x^, ax.^+x.^, ..., oix,„.i+x„„ axj 

is ((a + e)”a:i, {(X + tYx^, ..., a’'a;„) ; 

where € is the operation changing into and 

~ ^m+2 ••• — 9. 

The substitution is not of finite order if m > 1. 


Ex. 13. Find the n-th power of 
S = (aXi + bx^Ycx^-hdx^i - ..., ax^ + bx.^ + cx^’i- 

ax-^^bx^-j-..., ..., axj. 
If S is of finite order, Z> = c = c?=...=0, and a is a root 
of unity. 

[Use § 2, Ex. 8.] 

Ex. 14. If ^ ~ (^ 2 , x^, ..., x^y^, 4" "h ••• 4 " 5 

S — (^a> ^5» **•> 1 "t* ®»n+i^?n)> 

(^^4, X5, Xq , ..., 1 "1" 

^rnym-2, "t" i "h ^in^'lVrrui 
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- 2 ^ 7 / 1 + 2^771 > **• > 

^^>i+l2/l + «7R 4-2^2 + ••• + «2m2/m)7 


where y, = +e.^a;,,,, .. , 

2^wi ^^I'^'i ”h ^2^2 "h ••• “h ^)ji^my 
and aiA + a.^A- + a5\=^+ ••• +a,,/’^+a,,i+iA’'^'^^+ ... 

_ Cj A’^ 

= (“: A'm"+ c7T^;a"+ .'~ + e~A^^''^) ■ 

Ex. 15. If Sff ^ l + kaii, = ka^^{i::j^j); and = P, then 

pff = (/ja// + "C][/c''^6/^ + + •••) d- (1 + 

where P = C=^’‘, .... 

If k and the a’s are integers and S is of finite order, S = E 
unless /c = + 2. If 7c = + 2, iS = /J or iS^ = PJ. (Minkowsky’s 
Theorem). 

Ex. 16. The determinant of a substitution of order n is an ^i-th 
root of unity. 

[The determinant of is the n-th power of the determinant 
of 

Ex 17. If A is of order A^ = PJ, if and only if r = kn; 
where 7c is a positive or negative integer. 

Ex. 18. If A is of order n, A^ is of order n/d ; where d is the 
II. C. F. of n and r. 

Ex. 19. If A and B are permutable, so are A^' and B\ 

Ex. 20. If A, By C, ... are permutable, the order of ABC is 
the least common multiple of the orders of P, C, .... 


§ 4. Transposed and Conjugate Substitutions. 
Let A be the substitution with matrix 



(fy, . 

1 

«2l 

"->2 • • 

^^2 lit 

^mi * 

n with matrix 


^11 

</2i . . 


«12 

(<22 • 


m 

• 

• ^Cum 



I 5] TRANSFORMATION OF SUBSTITUTIONS 17 

is called the substitution transposed to A, and is denoted 

hyA'. 

The substitution with matrix 



^12 • 

• * m 


^.2 • 

(t ^ ?n 


d'ni'l • 



is called the substitution conjugate to Ay and is denoted by .4. 
In this d^j denotes the complex quantity conjugnte to cq-.* 
We shall adopt this notation throughout. 

The substitution conjugate to A^ is denoted by A\ 

It follows at once from equation (i) of § 2 that with the 
notation there used B'A' is 

or that B'A'^ is the substitution transposed to AB, 

It can now be at once proved that the substitution trans- 
posed to ABC is C'B'A' ; to ABCD is D'C^B'A\ &c. 

Similarly the substitution conjugate to AB is ABy to ABC 
is ABC, &c. 

It follows that A'^y A'^y ... are the substitutions transposed 
to A^y ; and ... are the substitutions conjugate 

to A'^y .... 

Again, the substitution transposed to AA"^ is (A~^)'A^ 
But E is transposed to itself, and hence (A'^/A' = E or 
(AO-^ = (A“i)'. 

Therefore the substitution transposed to the inverse of A is 
the inverse of the substitution transposed to A; and similarly, 
the conjugate of the inverse is the inverse of the conjugate. 

Ex, 1. The determinant of A is the same as that of A', and 
is conjugate to that of A and A'. 

Ex. 2, If A and B are permutable, so are A' and B'y and so are 
A and B, 

§ 6. Transformation of Substitutions. 

If jR = S‘~^ASy R is called the transform of A by S* The 
importance of this transform lies in the theorem : — 

The transform of A by S is found by expressing A in terms 
of new variables defined by 8. 

* If aij is real, dij^a,j. 

C 


1«45 
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In other words, if in the equations 
defining A we put 

+ Sf.^x,' + . . . + f'V,,, a;,„' oqnal to i/,' | _ j 2 , . . . , m) 

^<nX^ + 8 ,,X 2 equal to ' 

and tlion solve for yi\ 2 //, ..., J/,,/ in terms of y^, y.^, ..., 2 /to> 
we get 

Vt = ^\\Vi + + . . . + = 1 , 2, . . . , m). 

In fact, we have by § 2 if S'^A =1), i.e. A = 8D, 
x/ = (^a2/i4’^^f2 2 / 2 + (^ = 1, 2, m). 

Hence 

2 //' = + ^‘-■(2*2' + • • • + = '•' ny \ + ''■<22/2 + • • ■ + ^Vm 2 /m; 

since R = D/S' gives 

'I'iJ = •"'ii "t ;+••• + • 

The rebult of traiixforniiny A ly several substitutions in 
succession is equivalent to tTansformincy A hy a single 
substitution. 

For example, the result of transforming A in succession 
by >% /S’„ is ;V,-’ [6'.,-’ which is 

{S,tS,iy,r^A{iy,8.A)- 

The transform of a product of any substitutions by a given 
substitution 8 IS tiic qo'ocluct of their transforms by 8. 

For example, 

8 ^AB8 = 8^UEB8 = 8-^A8.8-'B8 ; 

= 8- 'A8.8-'^B8.8-'C8-, and so on. 

In particular 

= (,S’-M/Sy* ; and so on. 

The transform (f the inverse of A by 8 is the 'inverse of the 
transform of A by 8. 

For since 

= S-M A-’.S = 8-^8 = E, 

S~^A~^S is the inverse of 8~^A8. 

It follows that 8~^A~t^8 — {8~'^A~'^8f\ 

If a mbstitution A is of finite order n, so is any trans- 
form of A. 

For (8-^ AS)” or S-^A”8 = E it and only if A” = E. 
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Ex. 1. Transform %x-{-^y-\-l z) 

by S={^x^2y-\-4:Z, -x^-z, x-\-y-\-2z). 

Deduce the order of A, 

= x-V^y’-z^ — ic— ^ + 2^). Hence by §2 

AS^{-~x—z, x-^y-\-2z, 3ic + 2y4-4^), 
and thence S ^ , AS = (y, Zj x). 

The order of this is evidently 3, and hence A is of order 3.] 


of 

of 

of 


Ex. 2. Show that the transform 
(2y, x) by (2x-yy ~Sx + 2y) is (10a;-f 7^, ~14x-10y), 

(Xj 2y, -z) by (x-y, 2x-yfz, 2x-2y + z) 

is {x—y + z, 4iX--z, 4:X—2y‘\-z\ 


(-x-by, -?/, + -tv) 

by {x + z + 2w, y-b2z-bw, —x—2z—Sit\ —y — 2z — 2w) 
is {x—y-\-2z — 2a\ ■—'^y — 2wy — 2^-f 2y~3^ +3?r, 2^-f ?r). 


Ex. 3. The tiansform of ^ 2 ^ 1 + <^'^2 


by (j 


i> 


-a'l + aru, 




is (0)1 Xi, co.^^r.^, ..., 0),^,^.rj. 

Ex. 4. (i) Express A = {xo, , x^^,, CiX^ + e^x.^-b -b e,,^xj 
in terms of new variables yi^ tjc^j ..., y,y^^ where 


Vl — “b 1 > ypi -1 "b ••• 

^Vl ^ y^ y\y •••) ^ni ^mym'^ yni-V^ 


(ii) If jB — ***) l^in- I’b ••• 

show that A\ 

[By §5, B^^AB is •••) (^m^,n + ^m-i)y ^vhich 

is A'.] 

Ex. 5. If A = (X 1 +X 2 , ^2 + ^ 3 ^ ^\n - 1 xj 

and B = (—Xi + x^—x-^-bx^—,,,, — + — , 

-x.^-b ~ + . . . , . . . , ( - 1 

show that B ^AB — A b 

Ex. 6. AB and BA have the same order. 

{B-^.BA.B = AB.'} 

Ex. 7. If the transforms of C by A and R aie the same, 7 jA ~^ 
and AB~^ are permutable with (7. 

Ex. 8. If B-^AB = A's B'^A^B^ = A«^^. 

[Use induction]. 


§ 6. Polos and Characteristic-equations. 

Quantities ... , not all zero, such that 

X == Ct^-^X^ + Cl^^X^ 4* ... 4* * * * > '^^0* • • • * * i^) 

are said to define a poleoi A. They are values of x., ..., 


making 


X. : x.y 


- — X-, I Xo 
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in the equations 

< = + = 1 » 2 , 

which define the substitution A, 

We are only concerned with the ratios of Xp ; 

i.e. two poles (Aj, Xg, X^) and (Ap Zg, are not 

considered distinct if 


XitX,: .. 

• • • ^2 * 



Eliminating Xp X^ 

, .... from 

the m equations 

we get 





(Xj2 ... 




^22 ^ ... 

^'2m 


0 (x)= ; ; ; 




= 0. 


• • • 




We call 6[X) the characteristic-determinant of A, and 
0(A) = 0 the characteristic-equation of A. Any root of the 
characteristic-equation is called a characteristic-root of A. 


A substitution has the same characteristic-determinant as 
any substitution into which it can he transformed. 

Suppose R = it is required to prove that 



«12 






«2I 


• 



% 


a^ni 





^mm 

-A 

r,i-A 

^*12 




m 


^21 





^2 m 


'I'ml 


# 



^mm 

-A 


In fact, since AS = SR we have by § 2 

and therefore by the ordinary rule for the multiplication of 
determinants 
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«u 

^’12 


• in 

S 21 

^'22 


• 2 in 

''•'ml 



’ HI til 


(Xu — A 

^21 

. . . a 

«12 

^22 ^ 

. . . (( 

m 

^^liii 

. . . 


^ ni 2 




r„-\ 


'^’oo ■ 


mi 


^"21 

^*22 


' 1 ' 2 tn 


^ Him ^ 


'mi 

''‘‘m2 




To each distinct characteristic-root of A corresponds at 
least one pole. We now show that : — 

If ive apply the suhditution S to a pole of we get a pole 
of S~'^AS corresponding to the same common characteristic- 
root of A and 

In other words, if (Zj, X^) is a pole of A, then 

(Fi, Fg, F,J is a pole of iJ = ii~^AS corresponding to the 
same characteristic root, where 


F 2 = ^21 -3^ 4- ^22 Z 2 4- . . . -f 6*2yji 


(ii) 


Y 


't' ^2 4" . . . + 

For by § 6 if 

X/ = a,, Zj -f- . -t- Z,„ ] 

— *<1-^1 +'‘'‘<^-^2 + ••• +^ fm^vt r 


— ^tl^l +S<2-^2 + ••• 


then 7/ =ri^Y^ + r^^ 7^+... + 7^. 

Now since (Zj, X^, ..., Z„) is a pole of A, X/ = XZ^. 
Therefore 7/ = k7f, and (Fj, 7^, ..., F„) is a pole of R. 

We verify at once that A has (1, 0, 0, ..., 0) as a pole if 
and only if a^j = a^j = ... = a„,j = 0. 
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It is evident that we can choose S so that S~'^AS has 
(1, 0, 0, . . . , 0) as a pole. We have only to choose S to satisfy 
the conditions 


+ = 0 = 2, 3, m), 

where (X^, is a pole of A, 

In fact, if Xj^^O we may take S, for instance, as 

^ /c+i^ x^^^ = — -f 

which has the determinant 

We have now transformed A into = iJ, where R is 

= '^n^i + ^^12^2 + + • • • + ) 

X^ 4" + . . . + "^trn^in 2, 3, ... , Tfl) j 

If we now transform the substitution 

(< = 3, 3, ..,, m) 

similarly, and repeat the process as often as required, we 
transform A into a substitution of the type 


, f 

1, ~ 

/ljl -f /fi2‘^2 “b ^*^13^3 4“ . < 

’ • 4- ^ 

/ 

'l, ““ 

/C22^2 'b' ^23*^3 “b • ' 

. . 4* 

^ / 

^3 ““ 

. / 

m 

+ • 

* • "b 


which is sometimes called a norihuil substitution. 

An alternative method of transforming A into a normal 
substitution is the following : — 

Let ^ corresponding to a 

characteristic-]*oot a of A'. 




of a pole. 


Hence the transform of A by 

^2 — *^2 5 • 

• • > ^ m~l ' 

Hi' ^ ^ 

is of the type f 


Xi = ^11*^1 4" ^12"^ 2 "b • 

• • “b ^1 


— A^X^ -f ^2^2 "b • • • 4" ^lu^n 


^ m-\ ^m-i 1 ^1 4* <^//i-12^2 "b ••• \ 

X,n = ^Xj 


* If wo take S as .r/ = -- X j.'Kj + Xi arj. ... , Xm ^ 

^Xm 4- X^xm, which is of order 2, if = 1. 
t We assume Zm 9 ^: 0; but thoie is no loss of generality. 
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We now transform 

~ ••• = Ij 2, , m— 1) 

in a similar manner ; and repeat the process till A is trans- 
formed into normal type. 

Ex. 1. Find the poles of (2?/-f5^, —z, — 

[If (Z, r, Z) is a pole corresponding to the characteristic-root A, 
~AZ + 2r-f5Z= -Ar-Z= -Z4-(4-A)Z= 0. 

These give on elimination of Z, Y, Z the characteristic-equation 
-A 2 5 

0 -1 or (A~1)2(A-2)=:0. 

0 4-A 

Putting A =r 2 we get 

-2Z-f-2r-f5Z= -2r-Z= ~Z-f2Z = 0, 
which are satisfied only by Z:r:Z = 4:— 1:2. 

Putting A = 1 we get 

-Z + 2Y+5Z= -Y-~Z= -Z4-3Z= 0, 
which are satisfied only byZ:Y:Z = 3;~-l:l. 

Hence there are two poles, (4, —1, 2) and (3, —1, 1).] 

Ex. 2. Find the poles of 

(15ir—4y — IGoj— 5y-16^, 12^— 3y — 13<3^). 

[The poles are given by 
(15~A)Z-4Y-16Z= 16.r-(5-f A) Y-16Z 

= 12Z~3Y-(13-fA)Z=0. 
Hence the characteristic-equation is (A-|-1)'^ = 0; and when we 
put A = — 1 these three equations all reduce to 4Z— Y— 4Z = 0. 
Therefore there is a singly infinite number of poles (Z, 4Z— 4, 1); 
where Z may have any value.] 

Ex. 3. Find the poles of 4a;— 4a;— 2^-h-2^). 

[The characteristic-roots 1,2, — 1 give respectively the poles 

( 1 , 2 , 2 ), ( 1 , 1 , 2 ), ( 0 , 1 , 1 ). 

To verify, notice that E^S ^AS, where A ~ (a:, 2y, — ^), 
S = {x—y, 2x—y-\-z, 2x — 2y-^z), Applying the substitution S 
to the three poles of A, namely (1, 0, 0), (0, 1, 0), (0, 0, 1), we get 
the poles just obtained.] 

Ex. 4. Find the poles of 

(a;-f 2y, a;), (3a;-f i/ — 2^, 2a;4- 3^— 3.2;, 4a;4-2y — 3.2;), 
(x—y-^2z‘-2w, ’-Sy--2Wf —2x-\-2y — ^s^-^Wf2y^xo), 

Qi) \ = 2 gives (2, 1); A = -1 gives (1, -!)• 

(ii) A = 1 gives (1, 2, 2). 

(iii) A = -1 gives (X, -2, 1-X, 2).3 
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Ex. 5. Find the poles of 

(cos 60 . a;— sin co . sin (n, x-\- cos o) . y\ 

(cos 60 , a;— sin 60 . 2/, — sin6o . rc — coS6o . i/), 

(0(^*2^ 4“ ^2) ^^2 “I" ^3 > •*• > 

X^, y , 6iXi~\- e^X^-^ • . . + 

[(i) \ = cos 60 4- i sin 6o gives (i, 1) ; ^ = cos 60 — i sin co gives 
(-i, 1). 

(ii) A = 1 gives (cos ^ o), —sin -^ 60 ); A = — 1 gives 

(sin ^ 60 , cos ^6o), 

(iii) A = a gives (1, 0, 0, ... , 0). 

(iv) (A, A2, A^, , A’^^) where A is any root of the characteristic- 
equation A^ = Cl 4- ^2 ^ + • • • + ^ni 

Ex. 6. Find the poles of 

a;/= Xf. 4- hf (ci a?! 4- ^^2^2 + • • • + — h % • • • > w). 

[The characteristic-equation is 

(A — ^ (A — 1 — ^^1 (*1 — /^2^2 

The poles are 

(^1, k^y ..., 

Ex. 7. Find the poles of 

(fll^ + Cl2^4“ ••• (^1^1 ■!" ^^1^2 ■I’ **• 

[The characteristic-equation is 

(A ~ ai^ - - ... - 1 ~ 

The poles are (Xj, Xg, ... , X^) where aiXi + aaXg-f ... +a^jX,^=0, 
and («!, ^ 2 , ..., 

Ex. 8. Find the poles of {x^y , ... , x^, a*!). 

[A=±l.] 

Ex. 9. Find the poles of a cyclant substitution (see § 2, Ex. 7). 
[(i) Type I. If co’« = 1, (Xj-f (XgW-f agco^q- ... jg ^ 

characteristic-root, and (co, 60 ^, ... , 6o’^) the corresponding pole. 

(ii) Type II. ah is a characteristic-root and 

(a-\-h, 6o"^a4-6ofe, ui~^a-h<»>^h, ... , 6o’'^'‘'^a4-6t>^~^2>) 
the pole; where a denotes ((Xj-f + ••• and h 

denotes 4: (^i 4 - 0 ( 2 ^”^ + ^ 3 ^"^ + ••• 

Ex. 10. Find the poles of 
(— 2a;i "^x^y a?! — 2ar2 4“a73 > ••• j 

[A = — 4cos2^(X gives (— sinma, 4-si nm— 1(X, 

— sinm — 2(X, ..., (— l)^sina) ; 
(m4- l)a = rTT, (r = 1, 2, ..., m).] 


where 



I 6] POLES AND CHARACTERISTIC- EQUATIONS 25 

Ex. 11. The product of the characteristic-roots of A is the 
determinant of A, and their sum is an + a22+ ... 

Ex. 12. If (X^, X2, Xj^j) is a pole of A corresponding to 
a characteristic*root (X, and also a pole of B corresponding to a 
characteristic-root /?, it is a pole of AB corresponding to the 
characteristic-root a/-^. 

[Transform the substitutions so that the given pole becomes 

(UO, 0, ...,0).] 

Ex. 13. If CB = A, the characteristic-equation of C is 



, «ll • 

-X6u 

^12 ^ ^12 * * 

^\m 

A 



a.i ■ 


^^22 ^^22 


~ A ^29,1 

= 0. 


1 «»a 

1 

^ ^nvi • 

^inm 



[If 



't'02^2"b 

. then 



^t\^\ 

-f 6/2^i 

5 -f- ... 


'2+ 


Now put AX/ for X/ for Xf in these equations and eliminate 
Zi, Z„ .... Z,„.] 

Ex. 14. The characteristic-roots of a normal substitution are the 
elements of the leading diagonal in its matrix. 

Ex. 15. Transform into a normal substitution 
A={x—y-\-2z'-2wy -~3y — 2i(;, ~2;r-|-2^— 3<e'-f-3?(;, 2^-fw?). 
[The characteristic-equation is (A + 1)^ = 0. 

A pole of the transposed substitution is (0, 1, 0, 1). 

Transform therefore by 2? = [x, y, z, yAxv), and we obtain 
[x-^-y ■\-2z~2w, —y — 2iVy — 2:r— ^ — 3^ + 3n?, —?(;). 

A pole of the substitution transposed to 

[x-{-y^-2Zy —y, —2x—y — Zz) is (1,0, 1). 

Transform therefore by 5 ~ (x, ?/, x-\- z, w)y and we get 

{ — x-\-y-Y2z — 2tVy —y-2iVy -z + iVy -2r), 

which is normal. 

Since S~^ (R~^AR) S is normal, A is transformed into normal 
form by RS = {Xj y, x + Zy y-\-iv)-^ 

Ex. 16. Transform into normal substitutions the other sub- 
stitutions in Ex. 4. 

Ex. 17. Find the condition that two given substitutions should 
have a common characteristic-root, 

[If the matrices of the substitutions are 


ail 

^12 

^13 1 


7, 

7) 


^21 

«3l 

^22 

«23 ■ 
^33 

and 

^11 

hi 

^12 

^22 

» the condition is 


D 


1640 
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““^12 

^12 

0 

^13 

0 


— ^21 


0 

«12 

0 

<*13 


«21 

0 

^22 “~^n 


^23 

0 

= 0, 

0 

^21 


^22 “"^22 

0 

«2} ! 

®31 

0 

^32 

0 

^33 ^11 



0 

^31 

0 

«32 

— ^21 

<*33~^22 



and so in general.] 

Ex. 18. Find the condition that two equations of the type given 
in § 13 should have a root in common. 


I 7. Multiplications, &c. 

The substitution 

X-^ = Xj, == ^in ~ 

is called a multiplication. 

Any two multiplications are evidently permutable, and 
their product is a multiplication. 

The substitution 

== aXi^ x,2 = ux2i ~ 

is called a simUarity-substihition. 

It is evidently permutable with any substitution whatever. 
The product of two similarity-substitutions is a similarity- 
substitution. 

The substitution 

where a, /?, /vi are the symbols 1, 2, w in some order 
or other, is called a monomial substitution. 

If = ^2 = ••• = = 1, the monomial substitution is 

called a permutation. 

The substitution of the type 


x( 

= ajt«i 

+ 

...+ 


»■/ 

= 

+ 

.!.+ 

^ee^e 

a^'e+l 


+ 

•:.+ 



• 


* 

, V 

4+/ 

+ 

1^ 

II 

+ 



® e+/+i 


+ 

... + 





...4- 



will be called the direct product of the constituent substi^ 
tut ions 
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£»/ = ^11 Xj + . . , +_a,« Xg I ®'e+i = ^11 «e+l + . . . + _6,/a;e+/ ] 

: : • } : : r ; •••• 

^ e+/ ~ ) 

It will be noticed that no two of the constituents have a 
variable in common. 

If F is the direct product of A, B, C, ..., then P’‘ is 
evidently the direct product of where k is 

a positive or negative integer. 

The characteristic-equation and the poles of P are at once 
written down when those oi A ^ B,C, ... are known. In fact, 
if A^B^G, ... have characteristic-determinants 
^3(^)5 •••3 fhe characteristic-determinant of P is 


Wx^2 (A) X^3(X)x .... 

Again, if A, B^ G, ... have a common characteristic-root A^, 
and the corresponding poles of A, £, (7, ... are (X^, Xg, , Xg), 
(Fp F 2 , ..., Fy), (.?!, .^23 --o ..M then the poles of P 

corresponding to are 

(o(Aj, ocX.ji ... , o^Xg, /3Fj, i^Y ..., f^Y^^ y^>y ••• > *••)» 

any values whatever of the ratios a: fS:y : ... being taken. 

If A, is a characteristic-root of A and J5, but not ot G, D, ..., 
the corresponding poles of P are 

{OCX,, ocX,, ..., o(Xg, /3F„ /3F,. ..., /3F^, 0 , 0 , ..., 0 , 0 , ...) ; 

and so on in general. 


Ex. 1. The coefficients of a multiplication of order n are w-th 
roots of unity. 

Ex. 2 . A substitution with 

( 1 , 0 , 0 , ..., 0 ), ( 0 , 1 , 0 , ..., 0 ), ..., ( 0 , 0 , 0 , 1 ) 

as poles is a multiplication ; and conversely. 

Ex. 3 If two coefficients of a multiplication are equal, the 
substitution has an infinite number of poles. 

Ex. 4. The coefficients of a multiplication are its characteristic- 
roots. 

Ex. 5. If any substitution is multiplied by a similarity, its poles 
are unaltered and its characteristic-roots are all multiplied by the 
same quantity. 

Ex. 6 . The product of the coefficients of a monomial substitution 
of order n is an w-th root of unity. 

Ex. 7. A permutation is always of finite order. 

Ex. 8 . The order of a direct product is the least common 
multiple of the orders of the constituent substitutions. 
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§ 8 . 


A substitution G of the type 

is of great importance in the theory of substitutions ; for, as 
we shall prove in § 9, any substitution whatever can be 
transformed into the direct product of substitutions of this 
type. 

It has the characteristic-determinant (a — 

If is a pole, 

0(. X-^ = aAj-fA2) .•.} ^ ^m-l "h ^ m » ^ ^ni ^ ^ni ’ 

which give = X^ = . . . = X^ = 0. 


Hence C has only one distinct pole (1, 0, 0, , 0). 

The /u-th power of G is 

, + ^*(7, 5 + -f- . . . 

.!. +'u, 

a!' x_^ + ''C^(x’'^'^Xi + ... 


a*. 


/ » 


Xi — 




h — i}i + a 


a'‘x. 


as is at once proved by induction. 

For if we put 

OiXi + x^ for £Ci, + for ax^ for c^\,^ 

in (x'‘Xj^ + ''Ciix'‘~'^X 2 + ^'G^a'‘~‘^x.j + ... + 
we get, using + 

a''+ixj + a;^ + *+'C'2a'-i x.,+ ...+ 


Hence C is of finite order n, if and only if m = 1 and a is 
a primitive u-th root of unity. 

The inverse of C is at once verified to be 


II II 

~^x^ — (y~^X2 + o 

a~^Xo~0i~^x,+ 



x/ = 

a ^Xj- 

... + (_l)m+3a-w^^2x, 


* Wo suppose iC/ 

a-’jc,,, 

- 0 if i>h. 



19] CANONICAL SUBSTITUTION 29 

We can readily verify by induction, that is 

ir/ = (x~^^ + .,. 

a:/ = x .^ -~ x^+.., 

... + (-- i)M-i k+ 

§ 9. Canonical Substitution. 

We now prove the important theorem that, given any 
substitution A of degree we can find a substitution 8 such 
that S~^AS is the direct product of substitutions of the type G 
of § 8. On this account we shall call such a direct product 
a canonical mhstitut'ion. 

The theorem is true when m = 1. We shall assume it true 
for all substitutions of degree less than m, and prove that on 
this assumption it is true for any substitution A of degree m. 
The result will then follow at once by induction. By § 6 
A can be transformed so that (1, 0, 0, ... , 0) is a polo of the 
transform of A. Suppose this transform is 

x/ = h^^X^ + hy^x^ + . . . + Kn^m \ 

<= ^2+ = 2, 3, 7?^)| • 

By the assumption A can be transformed so that 
x/ = bi.^x.,+ ... +b,^x,^ {t = 2, 3, ..., m) 
is in canonical form. 

Suppose that now A has been transformed into 

a;/= (xx^-^ a2Xj, + <(.^x^ + Qr^Xr^ \ /.v 

X,2 = 4-^.3, X^ = /^^3'b^’4> '^’4 ~ ^‘5 ~ 

to take a simple example. The method is general. 

(a) Express this substitution in terms of new independent 
variables x^, ^-*3, x^, x^^ where 

= x^ -h 1 ) 2^2 

We then get 

= x/ + b^x^' + b^x/ 4- b^x/ = ax^-i- 4- /3 b^) X 2 

4- (^^3 4" ^2 d* ^ b.J x^ 4~ (<-^4 4- ^^3 4“ ^ ^4) Xj^ 4- a^x^ 

= a^l + K + /^-^y^^2 + K + ^2 + ^-^^3) ^3 

4- (c<'4 4* ^3 4* ^ oc b^ x^ 4- a^ x^. 
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If then we choose 62* ^4 

a, + /3-a62 = + + = ct4 + ^3 + /3-«^4 = 

^ will he the direct product of a substitution on a?2> ^3>, ^4» 
and one on x^y Each of these can be transformed into 
a canonical substitution by the assumption. Hence, since 
a change of variables is equivalent to a transformation (§ 5), 
the result is established. 

In the above we assumed ^ oc» It is still necessary to 
discuss the case in which A has only one distinct charac- 
teristic-root. 

Suppose that A were transformed not into (i) but into 
=0LXi + a^x.^ 4- ct^x^ Aa^x^-h + a^x^ + ■\‘a^x^ 

^2 ~ 0LX2’\‘ X.^y X.^ — (X X.^ 4" x ^ , X^ — OC j ^ 

X^' = OiX^-]" X^y Xq = OCX^’i" X>j ^ X^ = QLX'j’y Xg ^^^8 

taking again a simple example, but the method is general. It 
will be noticed that the constituents of the direct product 
into which 

x/ = ^^2^2+ (^ = 2, 3, ..., m) 

was transformed are arranged so that the constituent with 
the greatest number of variables comes first, that with the 
next greatest number second, and so on. 

There are two cases to consider. 

(b) First suppose = 0. 

Putting ^ 1 = x-^—a^X 2 — ctjiX^ the substitution becomes 

'==^ (l^X^-\- (I qXq'Y O.^X^’^ d^X^y X 2 — (XX2’\’X.^y \ 

x; = (xx^,-\-x^ ^ 

xl = Xr' = xx^\x^y x^ - (xx^-Vx^^y x^ = xx ^ ; 

X^ •”“ XXg ' 

This is the direct product of a substitution on uig, x^y x^ and 
one on x^y x^yX^, x^. Each of these can be transformed 
into canonical form by our assumption. 

(c) Secondly, suppose a 2 ^ 0. 

Putting * 

^2 = <^2^2+^^3^^.i + a4ir4 4-a5aJ3 4-«o^6 + «7^7'l‘^8^8> 

^3 = ^^2^3 + a^x^^ 4- c(^Xq 4 - , 

^4 ~ (^2^4 4"C^5*^7j 


* The reason of this transformation will be clear in Ch. V . 
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we get 

x( = aajj + ^2, U = + ^3. = «^3 + ^4- , 

a/ = ax^ + Xg, x^ = OLX^ + x^, a:/ = a®,; ajg' = aa-g )’ 

which is in canonical form. 

It will be noticed that we have transformed A into canonical 
form by a series of successive transformations. This is equi- 
valent to transformation by a single substitution (§ 5). 

In practice it is convenient to first transform A into a 
normal substitution (§ 6). 


Corollary I. 


A substitution A of degree m is transformable into a 
multiplieation if and only if it has ni poles 


(Xji, -3^21? ••• 5 ^mi)’ ("^12* ••• ^2ini •** > 

such that 



Xg . . 



Agg . . 

^ 2m 


1 • • 

Y 

^ mm 


First suppose the poles exist, and let P be the substitution 
= Xt^x^i-Xf^x.^ + ... + Xt„x„, {t = 1, 2, .... m). 

Let the poles correspond respectively to the characteristic- 
roots Xi, Ag, X,,iOf il. 

Then we verify at once, using 

^i^ti ^ ^tin^ tni> 

that PA = MPy M being the multiplication 

= A2*r2} Xjj^ = 

Hence P~^ transforms A into the multiplication M. 
Conversely, suppose P~^MP = A, Then M has the poles 
( 1 , 0 , 0 , ..., 0 , 0 ), ( 0 , 1 , 0 , 0 , 0 ), ..., ( 0 , 0 , 0 , ..., 0 , 1 ). 
Therefore the corresponding poles of A are (§ 5) 

(pll* P21^ ***iPml)^ (Pl2i P22f ***^Pm^i ••• > (PlW> f^2W5 •**iPmm)'’ 
and the determinant formed by these poles is not zero, since 
it is the determinant of P'. 
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Corollary II. 

A buhstitution of finite order is transformable into a 
multi 2 )lication ichose coefficients are roots of unity. 

For a substitution has the same order as any transform 
(§ 5), and therefore the same order as its canonical form. I’ut 
by § 8 the canonical form is not of finite order unless it is 
a multiplication. 

Ex. 1. Transform 
into a multiplication. 

[The poles aie (1, 1, —1), (0, 1, —1), (—2, 0, 1) corresponding 
respectively to the characteristic-roots 1, —1, 2. 

Therefore by Corollary I the inverse of {x — 2z^ x-^-y^ —x--y-\-z)^ 
i.e. [x-\-2y -\'2z^ ^ — — 2^, y-\-z) transforms the given substitu- 

tion into {Xj — y, 2^).] 

Ex. 2. Transform into multiplications the substitutions of § 6, 
Ex. 8, 4 (i), 5 (i) and (ii), 6 to 10. 

Ex. 3. Transform 

A^{X’-y‘\-2z — 2wj ~-3y — 2?(?, —2x-\-2y—^z-\-^iv, 2y-\-%v) 
into canonical form. 

[By §6, Ex. 15, jK' = (<r, y^ x-^Zy ^ -|- ««;) transforms A into normal 
form [—x-\-y-\'2z — 2tVy --y — 2iVy —z-\-tVy 

Considered as a substitution on Zy tv, it is already in canonical 
form. Considered as a substitution on z, tVy it is the type (b) 
of § 9. We transform by Z = (Xy y-\-2Zy Zy iv) and obtain 
( — x-\-y — 2iVy —y, --z^-iVy —iv). 

This is again of type (&). We transform by 

(^-f2^, y, Zy iv)y and get ( — + — y, —Z’\‘iVy —w). 

Hence LM ^ {x 2 Zy y-\-2Zy z, ic) transforms 

(-~^-f-^ + 2^~2?(;, —y-^2wy — --iv) 
into canonical form. 

Hence A is transformed into the canonical substitution 
[~x + y, -y, + -w)y 

by KLM ~ (3^-f 2,f, 2x-\-y^-2Zy x-\-Zy y-\-iv)r\ 

Ex. 4. Transform 

A ^[x-\-2y’-2z-\-2iVy y-\-z — 2wy 2z — Wy 2ic) 
into canonical form. 

u is in normal form. 

Applying § 9 (c), put w = — Then A becomes 
(:r + 2y— 2^— 2co, y + ^-|-2a), 2z-\-o), 2co). 
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^ P^^ Y+az-k-hoi, Then 

r'=: /-a<^'~&a)'=r+(l-a)^ + (2~&)(o. 

Taking therefore a = 1 and 6 = 2, put y — Y + z + 2u}y and A 
becomes (it; + 2 Y+ 2 to, Y, 2z-\-(£>, 2 00 ), 

Put now as before x = ^ + c<2fH-da), and we find that we must 
take c = 0, d = 2. Then A becomes (^ + 2Y, Y, 2z + o), 2a)). 
Finally, put 2 Y= 77, and A becomes {^ + V) Vi 2^-f o), 2 a)), where 
^ = x + 2t0f T] = 2y--2z + 4:tVj z o) = — «(;. Therefore A is 
transformed into canonical form by 

[x-\-2w^ 2y — 2z+i:iv^ z^ —tv). 

Ex. 3 and 4 illustrate the process given in § 9 for transforming 
A into a canonical substitution. A method which is perhaps 
easier in practice is given in Ch. II, § 5, Corollary III.] 

Ex. 5. Transform into canonical form 

{^x-^y — 2z, 2x-\-Sy--SZf 4:X + 2y — Bz)y 
(3a; -1-3^ 4- 10^ + 10 w;, 4:X—y + iz-{-(^tc% 

— 2x + 2y-\-z — tVy —2y — ^iz—Siv)j 

and 

( — 2a'i — a*2--a;3 4-3a;4 + 2a’5, — 4a’i +a;2— 0;^ + da;^^ 2a;.3, 

^i + ^2~§^4"”2a;5, — 4a’i--2a;2— a;3 + 5a;4 4-a;;,, 4a;i + a’2 + a;j — 3vr4). 

Li^^Vi y-^^1 4 i^+y^ y^ -iv\ 

and (— a;i+a;2, —Xyy 2a;3 + a;4, 20^4, 2x^)*'} 

Ex. 6. Transform 

(aa;i + &a;2-}-ca;3 + da;4+ ax.^-\-hX;^-\-cx^+ ..., ax^ + hx^i^ ..., ..., ax^J 

into canonical form if a ^ 0^ b ^ 0. 

[Using (c) of § 9, we get as the transforming substitution 

(x^j bXj,-\-cx^ + dx^ + ex^+ boX^-\-c,^x^-\-d2X;^+ ...y 

h^i + CiX^+ ■■■, hx^+..., ..., 

where (b-\- cx + dx^ ez? . .y = + c, x* + d, x- 4- a; ^ + . . . .] 

Ex, 7. Show that, if a linear substitution of degree m and 

prime order p has integral coefficients, m is a multiple of p—\. 

[The characteristic-equation ^ (A) = 0 has one root which is 
a p-th root of unity. Hence the II. C. P. of d (A) = 0 and 

... q-Xq-i is not unity, and must therefore be 

AP-I4.AP-24....4-A4-I.] 

Discuss the case in which is not prime. 

Ex. 8. Show that the most general form of substitution of 
order 2 and degree m with characteristic-roots —1, 1, 1, ..., 1 is 

x{= Xt + lCt(c^X^+C.^X.i+ ...+c,,^xj, 

where 0 = 2 4 - AtjCi 4- 4- ... 4- 

[Transform ( — Xj, X2, X3, ..., by any substitution, and we 
get a substitution of the given type.] 

* See Burnside, Proc. London Math. Soc.j xxx ^1899), p. 194. 

£ 
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§ 10. Symmetric, Orthogonal, •«., Substitutions. 


Let A be the substitution 

a:/ = (^ = 1, 2, m). 

If all the coefficients a^j of A are real quantities, A is 
called real. 

If for all values of i and j a^j = A is called symmetric. 
The determinant of A is symmetrical about its leading 
diagonal. 

If aij = -aji (so that a,-i= 0), A is called alternate and 
its determinant skeiv-symmetric. 

If a^-j = dji (so that is real), A is called Hermitian. If 
the Hermitian form is definite (Ch. Ill, §2), A is 

called a definite Hermitian substitution.f 

If AA'=E, A is called orthogonal Forming the product 
A A' we see that we must have 

+ + ••• ^ I 

+^24^2/ "h ... ^ ® (^^i) 1 

Since A' is the inverse of ul, we have also A' A = and 
therefore 


^ I (0(0 

The equations (a') are, of course, algebraically equivalent 
to (a) and vice versa. 

U A = E, A is called unitary. As in the case of an 
oithogoiial substitution, we have 


«lAi+«2i«2i + - 


i/i) 




•• +«<m «.-,» = 1 ) 

(Z:*') 


If A is realy evidently A is real ; and the product of two 
or more real substitutions is real. 

If A is symmetric, so is A~^, as is at once evident from § 3. 
The product of two symmetric substitutions is not, however, 
in general symmetric. 


In :^aijXiXj i anJ j take independently all possible values from 1 to w; 
80 that ^a^jX,Xj contains terms. 

f Some authors confine the title ‘ Hermitian ’ to a * definite Hermitian ’ 
substitution. 
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Similarly if A is alternate or Hermitian,^ 

If A is orthogonal^ so is A"'^. For 

= (A'A)-^ = E. 

The product of two or more orthogonal substitutions is 
orthogonal. For instance, if AA' ^ E and BlY ^ E, 

(AB) {ABY = AB . B'A' = A A' = E. 

Similarly if A is unita^% 


The transform of an oHJiogonal substitution by an ortliO’- 
gonal substitution is orthogonal. 

For if S and A are orthogonal, is orthogonal ; and 
therefore must be orthogonal, being the product of the 

three orthogonal substitutions A, S. 


Similarly, 

The transform of a unitary substitution by a unitary 
substitution is unitai^y. 


If A is symmetric and B is any substitution, BAB is 
symmetric. 

For the elements in the 'i-th row and j-th column and in the 
j-ih. row and ^-th column of the matrix of B'AB are respectively 
(§ 2 ) 

<r bj r bj (j O b > ^ bj ^ ^ a^.^ bj ^ , 


which are identical. 


If B is orthogonal, B' = B h and hence : — 

The transform of a symmetric substitution byav orthogonal 
substitution is symmetric. 

Similarly, if A is Herndtian, BAB is Hermitian, and 

The transform of a Hermitian substitution by a unitary 
substitution is Hermitian. 

Similarly, if -4 is alternate^ BAB is alternate, and 

The transform of an alternate substitution by an orthogonal 
substitution is alternate. 


If a substitution A has two of the properties (i) being real, 
(ii) being orthogonal, (iii) being unitary, it has the third. 

For example, suppose A is real and orthogonal, then AA A' 
and AAA E, therefore AAA E. 

* 'We assume tliat the determinant of the substitution does not vanish, 
“which cannot be the case for an alternate substitution of odd degree. 
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Similarly, 

If A has hvo of the properties (i) being symmetric, (ii) being 
orthogonal, (iii) being of order 2, it has the third. 

For example, suppose A is symmetric and of order 2. Then 
A ^ A' and A^ = E. Therefore AA' E, 

Similarly, 

If A has hvo of the properties (!) being Hermitian^ (ii) being 
unitary, (iii) being of order 2, it has the third. 

Ex. 1. If A is orthogonal, the determinant of A is ± 1. 

[The determinant of AA'= the product of the determinants 
of A and the square of the determinant of A, Therefore the 
square of this determinant = the determinant of 1.] 

Ex. 2. If A is unitary, the determinant of A has unit modulus, 

[As in Ex. 1.] 

Ex, 3. If (Tj, Yo, is the pole of S~^AS corresponding 

to the pole (X^, X2, X,J of A, and S is orthogonal, 

then TiH ... + V = AV+X2H ... + X,/. 

[Square and add equations (ii) of § 6.] 

Ex. 4. If S is unitary in Ex. 3, 

Y, Y,i-Y,Y,^ ... + =: X,X, + X2X2+ ... +x,,x,,. 

Ex. 5. If (?i, Wj, Wj), (?2, ^2)? (hi '^hi ^.j) ihe direction- 

cosines of three mutually perpendicular lines, the substitution 
whose matrix is is orthogonal. 

h riu n.2^ 
li m3 

As an examine, consider 

Ex. 6. The most general orthogonal substitution of degree 2 is 
(cos 0) . o’—sin CO . ?/, + sin CO . iT + cos CO . y). 

Ex. 7. The substitution obtained from a given orthogonal 
substitution by permuting any two rows or columns in its matrix 
is also orthogonal. 

Similarly for a unitary substitution. 

Ex. 8. A multiplication is unitary if its coefficients have unit 
modulus. 

Ex 9. The substitution of § 3, Ex. 7 is orthogonal. 

Cit is symmetric and of order 2.] 
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Ex. 10. Prove that the substitution with matrix 


K K K. 

2(\fx--v) 2 (fxi^4-A) 

K K K 


2(vK + ix) 

K 


2{ixv-\) + 


K 


K 


where k= l + X^ + ^x^+r^ 

is orthogonal ; and find its characteristic-roots and poles. 

[1 and i (2 — k + 2\/1 — k) ; 

(A, /X, v) and (Ai; + fx \/l — k, ]Ltr + A\/l — k, — A^ — /x*-^).] 

Ex. 11. If (^ = 1, 2, 3, 4, 5) 

is orthogonal, any two of the five spheres 

(dt + kt) [x^ + -f z^) + 2I^(a^x■\‘h^y■\^c^z)’\^{ — clf -f ie^) 2?^ = 0 
cut orthogonally. 

Show how to obtain similarly a system of four mutually ortho- 
gonal circles in a plane. 

Find the circles when the orthogonal substitution is 
,11 1 i 8 5? 

(^ 1 + 2^*’ 2^'^~ 2 *’-*’ 4' 

i 7 , 
ix^ + xx.^— ^X3+ 

Ex. 12. If (ax^-\-hx.^-{-cx.^-^dxj^y ..., a ^2 + ^^,) + ^^ 4 + •••? 

..., ...) 

is orthogonal, a^=l, ?? = c = d= ... = 0 ; and if it is unitary, 
I a I = 1, 6 = c = d = ... = 0. 


Ex. 13. If the real symmetric substitution A transforms the 
unitary substitution V into another unitary substitution, U is 
permutable with A^, Similarly if U and A~^ UA are orthogonal. 

^A~'^UA , A^^UA' ^ E gives UA^ ■=^ A'^U, since A—A'=A 
and UU'=^E,'\ 

Ex. 14. The characteristic-roots of a unitary substitution have 
unit modulus. 

[If {Xu Xo, ... , is a pole of A, 

2AAX,1^ ^ ^ 

= S {ail Xi + a^'2 ... 4- 4" ^^ 2^2 + . . . 4- 

= 2X,X,-. a“A = 1. 
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Ex. 15. If (Xi, X 2 , is a pole of an orthogonal sub- 

stitution corresponding to a characteristic-root other than ± 1, 
X,HX22+...-fX,^2^0. 

[As in the last Example.] 

Ex. 16. If (Xi, X 2 , XJ, (Fi, Fg, FJ are poles of 
a symmetric substitution corresponding to distinct characteristic- 
roots, Xi Fi -f X 2 F 2 -f . . . -f X^ = 0. What is the similar 
theorem for a Hermitian substitution ? 

Ex. 17. Express + 

the product of two symmetric substitutions. 

) +^m> + a.r,+x.J 

and (a-.rt, a-2, a",.] 

Ex. 18. Find a symmetric substitution of degree 2 with 
(1, i) as pole. Show that its characteristic-roots are equal, and 
that it cannot be transformed into a multiplication unless it is 
a similarity. 

[Tlie most general substitution is 

(2aa;-f (a— 5)?^, (a — 2?>^).] 

Ex. 19. The coefficients of the characteristic-equation of a 
Hermitian substitution are real. 

Ex. 20. How far will the definitions and results of § 10 hold if 
the determinant | a | of A is zero ? 


§ 11. Invariants. 

Suppose a function of .^ 2 , ..., such 

that 

/(a:, , 0:2 » • • • » ^m) = / + c(iA% + . . . -f , 

^21^1 ‘h ^22^2 "b • • • "b • • • j *b ^m 2^2 *b • • t -f 

for all values of 

Then f{x^, x^, ..., is called an invariant of the substi- 
tution A 

< = + (^ = 1, 2, ...,m). 

The equations (ok) of § 10 show that 

is an invariant of A, if and only if A is orthogonal. 

If /(ajj, iCg, ..., is an invariant of A and of it is 
evidently an invariant of AB, Hence the product of ortho- 
gonal substitutions is orthogonal, as proved before. 
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If PAP~^ = B, and /(«i, aJj, x^) is an invariant of 
A, then 

f (Pli®i + Pi2«2 + . . . + Pim®m . ^>21®! +2^22*2 + • • • + P2m ®m > 

• • • . 2>ml®l +i’m2®2 + • • • 

^8 a7i invariant of B. 


Since P^'^BP = A, the equations 


®/=&n®i + &«2«2 +•• 
2// = ftl®l' + P<2®2'+’* 

' • + ^<m®m 1 

1 (f = 1. 2, . 

m) 

Vi =i’ei®i+P/2®2 +•■ 
give by § 5 

2//=«<i2/i + «i22/2+. 

•• *1“ Ptm^m i 

••+«<m2/m( 

/ = 1, 2,... 



Hence / (y^', yf, . . . , 2/n/) = / (2/i. 2 / 2 . • • • > 2/m) 
or 


f (Pn^i ■hpi2^2 'h • •• “h *•* ) 

••» + Pimpin’ 

where a/ = + h^^x^ + . . . + 

which proves the result. 

If 

f{Xi , ) Xi^ x^ ) z=:f{Xiy Xj, 5;^), 

where 

“) 

/(Xj, ..., x^, X|, ..., x,J is usually called an invariant of A ; 
though perhaps it would be more correct to call it an in- 
variant of the substitution of degree 2 m on x^ . . . , x^ , Xj , . . . , x^^ 
defined by the equations (i). 

The equations {0) of § 10 show that 

XjXi4-X2X2+...+X,,^X„, 

is an invariant of A, if and only if A is unitary. 

Since PAP^^ = B gives PAP~^ = B, we get by considering 
/(xj, as an invariant of the substitution 

(i) of degi'ee %ni : — 

If PAP^^ = B and / (x^ , . . . , x^ , x^ , . . . , x J is an invariant 
of il, then 

f Pim^m^ •** i Pmm^my _ 

PllXj+ ... -\-pim^m> ••• » Pml^i'^ •••"!■ Pmm^m) 
18 aib invariant of B, 
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If 

/ (^ 21^1 +^ 12^2 + • • • + ^ 21*^1 ^ 22^2 + . . . + 

for all values of X 2 , ...1 (where k does not involve 
x^y x^y ..., xjy then /{xj^y x^, ..., sometimes called a 

relative invariant of A. 

An invariant for which k = 1 is then called an absolute 
invariant. As before explained, the word ‘invariant’ will 
denote an ‘ absolute invariant ’ unless the contrary is stated. 

Ex. 1. <xXiX^ — ol~^x^X 2 ^ is an invariant of 

{oLXi+x^y ocx^y 0L~'^Xj^-\-x^y a“^:r4). 

[If we operate with the substitution on (xx^x^ — a'^x.^x^ we get 
(X (a a?! + X 2 ) (OL ■ ^ (oc-^x.^i-x^) (a x^)^ ocx^x^-^oc-^x^x ^ .] 
Ex. 2. (i) y^-‘yz-‘2xs is an invariant of [x-Vy, 2 / + ^, ^) ; 

(ii) -f a?3 a;4 + 4 - 2 2 a^o a; i— 3 x^ x^ 

of (~^i+:ro, -x^Ax^y -x^-\-x^y -x^^Xr.y -Xr^] 

(iii) a?! y > + xaj^ z^ - x^y^z, + x^y^^i - x.^y2Zx 

and - x^y^z^ + ^^ 3^1 ^3 + ^ 3^3 <^1 + 
of a;/ = a (a?i -f x.^y x^ = a a:.^ , y / = /i + y.^y y^ = l^y 2 ^ 

^/=y(^i+^2)> ^2'=y-2'2, 

where a/3y = 1 ; 

(iv) - 2 a;^a ;5 + x^Xq + a^^a^^ + 2a?i a?6 + 2x.^Xi 

of {Xi + X^y X 2 + X^y X^y X^i-X^y X^ + X^y 
Ex. 3. The substitution (ocx-^y, ay) has no algebraic invariant 
other than ao + ai2/4-a2^^ + ^32/^ + •••• 
invariant ? 

Ex. 4. The number of linearly independent algebraic invariants 
of order 1c of A is equal to the number of such invariants of any 
transform of A* 

Ex. 5. Find the linear relative invariants of A . 
lZ^Xi + Z.iX.^+ ...+Z„j,„; where (Zj, Z^, ..., ZJ is a pole 
of A'.] 

Ex. 6. Find the conditions that xi^-i-x./+ + should be 

a relative invariant of A. 

Ex. 7. If A is orthogonal, ^Pf,jX^x^(iy j= 1, 2, ..., m) is an 
invariant of BAB ~^ ; where P is the substitution BB\ 

Ex. 8. If mod. cx=l, ax^x^—ax^Xi is an invariant of 
((X^j + Xo, ax^). 

[If we operate with the given substitution on axix.^^ax^xi) 
we get 

a(aa?2 + irji)(5.7*2)— + = aa((Xir2i72— 

= ax^J'^—ax^Xi.^ 
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Ex. 9. If 

a/1 = 1, + 

is an invariant of 

0Cx=oix^-\-X2, %'=a«2 + a;3, x^'=ax.^, ?/i'= /%i + «/2, 

Ex. 10. A substitution with 

x-^^ + x^+ ...+x„^ and Aja;,.?, + ... +A„j.r,„^„( 

as invariants, where A^, A^, ..., A^^ are real, is a real orthogonal 
substitution. 

[See Proc. London 3Iath. Soc,, 2, xii, p. 92.] 

Ex. 11. The two theorems of § 11 hold for relative invariants as 
well as for absolute invariants. 

Ex. 12. Trace the connexion between invariants or covariants 
of a quantic and relative invariants of homogeneous linear sub- 
stitutions. 

[Suppose the quantic a^^x^ + 2aixy becomes 
UqW'^ 4- 2ayx'y' + 

when we put x^l^x* y = 4* ni.^y' > Then any co variant 

of the quantic may be considered as a relative invariant of the 
substitution in the variables x, y, 

4* 21 ^ 1 ^ 0 )^ 4" ~ "t* "b *b ^ 

a/zr: 4- 2mi 4 - x = lix' + miy\ y = l^x' + m 2 y' 1 

Show that the determinant of this substitution is a power of the 
determinant of the substitution x'= liX-j-niiy, y'=-J.^xi-m.^y] and 
extend the result to the general case of a (Z-ary p-ic.] 

§ 12. Hermitian, Beal Symmetric, or Beal Alternate 
Substitution transformable into a Multiplication. 

A Hermitian siibstitiUion can he transformed into a 
multiplication by a unitary substitution. 

This is true when the degree m of the Hermitian substi- 
tution A 

+ . . . + «<«, .<•«» (where aij = aji) 

is unity. We assume it true for all Hermitian substitutions 
of degree less than m. We then prove it holds true for A ; 
and the result will follow by induction. 

Let (Z^, Xg, be a pole of A. Since we are only 

concerned with the ratios of Xg, ... , we may suppose 
Xj real, X^ 4- 1 = 5 ^ 0 , and X2Xj4“X2X2 4" ... + X,^^X^^j= 1. 

F 
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Consider the substitution P with matrix 


Xr 

A, 

A3 

• . A^ 


a;+ 1 

A3 A, 

X^ + 1 

A,A,„ 

• • X, + l 

Y 

A3A, 

A.,Aa 1 

x,,x,. 


X,+ 1 

A'l + i 

■ ■ .Y, + l 


A,. A, 

Aj + l 

A,. A3 

Ai + 1 

V X 

in 

• • X^+l 


We readily verify that, since k real and 

the equations (/3^) of § 10 are satisfied and therefore P is 
unitary.* 

Again, the pole of P~^AP corresponding to the pole 
(Ai, AJ of A is (1, 0, 0, ..., 0) by § 6(ii). 

Hence if P'MP = P, = ^ai = 

But since A is Herinitian and P unitary, B is Hermitian 
that ^^ 2 ^13 — *** 

Hence P“^AP is of the form 

a;/= AjXp + (^ = 2, 3, m). 

Now by our assumption we can find a unitary substitution Q 
transforming the Hermitian substitution 

Xf = ^>^^2^2 “i" • • • d" = 2, 3, oa) 
into a multiplication x^' = (^ = 2, 3, , . . , m). 

Therefore (P"iAP)Q is the multiplication M 

and A is transformed into il/ by the substitution 8 = PQ, 
which is unitary since P and Q are unitary. 

Since 8-^A8 = M, while A is Hermitian and 8 unitary, 
i)/ is Hermitian. Therefore A^, Ag, A,,,^ are real. Hence 

All the characteribtic-vooU of a llerinitian mbstihition 
are real, 

A real symmetric substitution ^ is a particular case of 
Hermitian substitution, and therefore its characteristic-roots 
are all real. It follows at once from the definition of a ‘ pole ’ 


It is also evidently Hermitian, and therefore of order 2, 
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(§ 6 ) that if (Aj, X^, .... AJ is a pole of A, A,, A^, .... A,„ 
may be considered real. In this case P will be real and 
orthogonal (since a real unitary substitution is orthogonal 
by § 10 ). In fact the matrix of P becomes 




A 3 

• • A 

X 


A. A., 



A, + i 

A. + l 

• • A, + i 

X 

A, A, 


V,A,, 


A,+ l 

Aj + i 

• ■ A, + l 

X 

A^„A, 

A,„A 3 

A'„/ 

m 

A, + i 

A,+ l 

• • Ai + 1 


where 4 - .Y./ + . . . + A' = 1 . 


Hence 



A real symmetric siihstitution has all its characteribtic-roots 
real^ and may he transfarmed by a real orthogonal sabdltatioii 
into a real multi [dication. 

Again, suppose A is a rad alternate substitution. Its degree 
must be even, if its determinant does not vanish ; for a skew- 
symmetric determinant of odd order vanishes. 

Then TA is Hermitian, where Tis the similarity substitution 

1 ) ^2 — 2 ’ * * • ) ^ ^ m * 

We can find then a unitary substitution P such that 
P~'^ . TA .P = ]\I^ where M is a real multiplication. This 
gives jP-MP = P-i T-^P . M, But P-^ T ; so that 

P"^^P= T~^M^ which is a multiplication, whose coefficients 
are pure imaginarics. 

Hence 


A real alternate substitution has all its characteristic-roots 
2mre imaginarics^ and may he transformed hy a unitary 
substitution into a multiplication v:hose coefficients are pure 
imaginarics. 


Ex. 1. The substitution A with matrix 


317 

225 

106 

225 

80 

^25 

106 

142 

190 

'2 25 

22 5 

2'2 5 

80 

22 5 

_ 190 
225 

275 
2 2 5' 


has a pole (— |, — j) corresponding to the characteristic-root 2 . 
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It is transformed by the orthogonal substitution P with matrix 



into the substitution with matrix 


2 

0 

0 



This has a pole {0, — f) corresponding to the characteristic-root 1, 

and is transformed by Q = into (2x, y, — 


Therefore A is transformed by the orthogonal substitution PQ 


with matrix 

— 10 

5 

1 0 


1 

15 

i 5 


i 11 

2 

— 1 0 


15 

16^ 

1 5 


2_ 

14 

5 


' 15 

15' 

1 5 

into {2x^ 2 /, — 





Ex. 2. Transform into a multiplication the symmetric substitu- 
tion with matrix i 4 2 

4 __ 1 2 

^ ^ '3 

2 2 2 

3 3 '3 

Ex. 3. Given a substitution P, find a unitary substitution A so 
that CC' is a real multiplication, where C = AP. 

is the unitary substitution transforming the Hermitiaii 
substitution BB' into a real multiplication.] 

Ex. 4. A skew-Hermitian substitution A for which a^j = 
has all its characteristic-roots pure imaginaries, and can be trans- 
formed into a multiplication. 

is Hermitian, where S = (w’l, ix^, ...).] 


§ 13. 

The result th:»t a Hermitian substitution (and in particular 
a real symmetric substitution) has all its characteristic- roots 
real is so important that wo give another proof. The result 
is evidently a particular case of the following theorem : — 

The equation 

\a — j zz ^12 hbyji, ^irn ^^iin 

^^21 ^22 ^^ 22 » *••’ ^ 2 m ^^ 27)1 z = 0 

^^1712 ^^m2» •••> ^ 
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has all its roots real, if b^j = and one or other 

of the Hermitian forms ^^a^jX,iXj, is definite, 

i.e. does not vanish for any values of not 

all zero. 


If we take 2 b^jX^Xj = x^x^-^ x.,x.^ 4- . . . + ^^ve the 

fact that the characteristic-roots of the Hermitian substi- 
tution A are all real. 

Choose Xj, X^, X^^^ to satisfy 

= \ (t = 1, 2, on). 

This will be possible if \a — \b\ =0. 

= ^^X^ + ... + />;^X^) = X'^b-X^Xj, 

Now since a^jX^Xj and aj^XjX^ are conjugate complex 
quantities, la^jX^Xj and similarly 2 ?;^*^-X^Xj are real. 

Hence X is real, since by hypothesis la^^jX^Xj and Ib^jX^X j 
are not both zero. 

If a^i is alw^ays real, ^a^jXiXj will be definite whenever 

the real quadratic form ^a^jX^Xj is definite, i.e. does not 

vanish for any real values of x^, x.^, ,,,, x^^^ not all zero. 
For if Xf=: + ^aij'XiXj = a^j 

being real. 

Similarly if b^j is always real. 

Ex. 1. Show that |a— A?>| =0 has not necessarily real roots 
if neither nor is definite. 

[For instance, consider ^ j = 0; for which 


Xi = l,X2= -i] 

Ex. 2. If both and are definite, the roots of 

a^\h\ = 0 have all the same sign. 

Ex. 3. Deduce from § 13, that 


X 

a 

1) 

c . 

. . 


- a 

X 

d 

e . 

, , 


-b 

-d 

X 

/ . 


=: 0 

—c 

— e 

-/ 

X . 

• • 



has purely imaginary roots, if a, h, c, d, c, /, ... are real. 
[Multiply every row by i] 

* See footnote, p. 34. 
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Ex. 4. Through the curve of intersection of an ellipsoid S with 
another conicoid S' three real paraboloids can be drawn. 

[Let the cones joining the origin to the infinitely distant points 
on S and S' be 

F = ajo^ + + 2 + 2 gzx 2 hxy ^ 0, 

and F' = a'x^ + Vy^ 4- + 2 f'y.z -\-2g' zx-\-2 li'xy = 0. 

Then S—\S'~ 0 is a paraboloid if F—\F'= 0 is a pair of 
planes, i.e. a-Aa' h~\h' g-Kg’ 

h-kh' h-kh' f-kf =0. 

<7-^/ /-V' c-Ac' 

The roots of this equation are real if F is always positive.] 

Ex. 5. An ellipsoid and a concentric conicoid have a real trio of 
common conjugate diameters. 

§ 14. Transformation of a Unitary Substitution into 
a Multiplication. 

A unitary suhstitution A am be transformed by a unitary 
substitution into a muliiydkation. 

Let (X^, be a pole of A as in § 12. Then if P 

is the substitution with matiix (i) of § 12, P“MP = B is 
unitary, since the transform of a unitary substitution by 
a unitary substitution is unitary (§ 10). 

Now, as in § 12, =. ^>3^ = . . . = = 0. 

Therefore, since B is unitary, so that 

+ • • • + ^ (i = 2 , 3 , . . . , m)y 

we have = ,,,= bj^= 0 , 

The argument now goes on as in § 12. 

Corollary. 

77 ie characteristic-roots of a unitary substitution A have 
unit modidiis. 

For the multiplication into which A is transformed by 
a unitary substitution is unitary ; and the m coefficients of 
the multiplication are the characteristic-roots of A. 

Ex. Transform the unitary substitution 

(i c()s'^(/) — sin^ 0) r -j- (1 -f «) sin (}) . cos 0 . y, 
y' ■=^ (1 4* i) sin 0 . cos 0 . ^ 4- (« sin^0 — cos^ 0) y 
into a multiplication. 

[The substitution has a pole (sin0, — cos0) corresponding to 
the characteristic-root —1. Therefore the substitution 
(sin 0 . rr ~ cos 0 . — cos 0 . a: — sin 0 . ?y) 

transforms it into a multiplication ( — ^r, iy).] 
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§ 15. Canonical form of a Real Orthogonal Substitution. 


A real orthogonal avbhdituiion A caa he transformed by 
a real orthogonal substitution into the direct 'product of 
substitutions of the three types 

(i) x' ~ X, (ii) X — —X, 

(iii) .r == cos ^ . iT — sin 

y = sin 0 .x + cos 6 mj] 

Suppose A is 

x/ = a fiXi-\' a a = 1 , 2 , ni), 

and that (Aj, A^23 ^ corresponding to the 

characteristic-root A. 

Then 


AnX,‘ + AV,+,.. + X.') = 


. -f (a^^Ai + a 

. is 

Hence either 


m‘i ^2 *h • * • + 


nuu^ laJ 


since A is orthogonal. 




or 


A2 = 1. 


The above theorem is true when ni = 1. Suppose it true 
for all values of m less than the one considered. 

(1) Let A have a pole (Ap A^, ..., X^) for which 

A,2 + A2‘^ + ...+AV^0. 

Then = 1, and from the delinition of a pole in § 6 we may 
suppose Aj , , . . . , X^^^ all real and such that 

A,2 + A7 +...+A ,,2 = l. 

Take F as the orthogonal substitution with matrix (ii) of § 12. 
Then P'~'^AF = B, where = 6^1 = ,..= = 0, as in § 12. 

Since P and A are real and orthogonal, so is B. 

Hence 

^11^ + 4- ... 4- = 1 and 4 b^fj 2 t 4- ... 4- ^ ^ 

{t = 2, 3, m); 

so that 611= +1, = = 

Therefore A has been transformed by the real orthogonal 
substitution P into the direct product of xf = + and ot 
~ ^ 

But by hypothesis the theorem is true for this last substi- 
tution of degree (7U — 1). 

Hence by induction as in § 12 the theorem is true for A, 

(2) Let A have no pole (Ap Ag, A^J for which 

A,HAg^^4-...4-A^2:5^0. 

Then it is impossible for Aj, Ag, A,^^ to be all real. 
We may suppose AjA^d- A2Ag4- ... 4-_Ay^A,,i = 2. 

Let 22 >^j^= A^ 4" Ap — A^ (^ = 1, 2, ... , 'w^). , 
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CANONICAL FORM OF A 


[1 15 


Then ^ ^ + , , _ = 1 ^ 

PnPit+lhxPn-^ +Pm.\Pmi = 0. 

Choose real quantities pjj, p^, ..., ^^3 to satisfy 

Pn Pl3 +P21 P23 + • • • +/'ml Pwi =PnPn +^^22^23 + • • • + VmiPmz^^- 
Then choose real quantities p^, ...,2>i,u to satisfy 

Pu+p2i^+--+PnH= 1. 

Pn Pu + P21 P24 + • • • + Pml Pm4 = P12 Pi4 + P22 P24 + • • • + Pm2 Pm* 

= Pl3 Pi I + P23 P24 + • • • + P»i3 Pnn = 

and so on. 


The determinant 

Pn • • 

• Pltu 


Pmi • • 

• Pmm 


of the real orthogonal substitution P 


a^/ = Pn®i + P/ 2 ® 2 +-+ftm®,« (< = 1. 2, .... m) 
obtained in this way will not vanish, for its square is unity. 

Let PAP'^=D, where D is the real orthogonal substi- 
tution Xf' = di^x, + ((i.,x^ + ...+df,„x^{t = l,2, ...,m). 

Then by § 6 (ii) D has (1, ±i, 0, 0, ..., 0) as poles corre- 
spending to the poles (A^j, X ^, ..., X J and (Z^, X ^, ..., X,„) 
of A, and hence 

^^31 ^^41 — • • • = (^jni = 0 , ~ ^^42 = ••*>== <^ 1^2 ” ^ (0 

But, since D is orthogonal, 

+ . . . + + . . . + =: 1, 

+ <^^ 21^22 + 

[t = 3 , 4 , m). 

By (i) these reduce to 

dyy 4- 4- d,2^2 ~ 1 ^^2d^22 ~ 

which give readily 

c/j3=: = = 0, d ,^^=: 0^24 = ...= = 0, 

(ijj = cos (ij 2 = — sin 0^ 

and either 

rfgi = sin 0, d^y = cos 0 or d^^ = — sin 0, d^^ = — cos 0. 

But the latter alternative is impossible, for then PAP''^ 
would have a pole (F^, F^, ..., Fj, where 



49 


I 15] REAL ORTHOGONAL SUBSTITUTION 

F, = cos|, F 2 =-sin|, Y^ = ...= 0 

SO that + 5^2 "h • •• + ^ 

Now by § 6 (ii) 

X 2^tl "b Pt2 ^2 "b • • • "b Ptm ^ ^ > • * • > ’ 

and, squaring and adding these m equations, we get 
F,2+F2^+... + r^^=:X,HJ/+...+AV, 
which is zero. 

In fact 

Xi= cobO ,x^-sine .X,, ^^ 2 ' = -sin 0 , 0 ?^— cos 0 . ^’2 

is transformed by the orthogonal substitution 

, 0 .6 , . ^ 0 

x^ = cos- . sm^- = sm- .a;^+cos- . 

into .r/ = x^i = — a? 2 * 

Hence A has been transformed into the direct product ol 
the real orthogonal substitutions 

x^' = cos d . aj^-sin 6 . x^' = sin d . + cos d . x^, 

and x/ = + d^^x^ + . . . + d^^x^^^ (i = 3, 4, . , . , m). 

The proof by induction is now completed as in (1). 
Corollary. 

A real orthogonal auhditntion is transformable into a 
multiplication. 

It is sufficient to show that 

x-[ = cos 6 . — sin d . .^ 2 , xf = sin d . + cos 0 . a ^2 

is transformable into a multiplication ; which is the case by 
§ 9, Corollary I, since it has the two distinct poles (1, ±i). 

Ex, 1. Transform x^= y, y' ^ - 2 ;^= x into canonical form. 

[A pole corresponding to the characteristic-root 1 is 

W3’ V3’ ^/3/ 

Hence if P has the matrix 


1 

1 

1 

V3 

VS 

Vs 

1 

— V 3 — 1 

V3-1 

VS 

2VS 

2V3 

1 

VS-1 

-V3-1 

Vs 

2VS 

2VS 


P~^AP is canonical. 

/ 1 VS VS 1 

In fact P^^AP is [x, —22/+ 2 ^ “ 2 

Ex. 2. Transform similarly x'= —y, y' — F= r. 
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INVARIANT-FACTORS 
§ 1. Rank of a Determinant. 
Suppose that in the determinant * 



^^2 

. . a 

^'21 

22 * 

. . a 


* 

• • 


of the substitution A the determinant itself and all the 1st, 
2nd, (m—r — l)-th minors vanish, but that not all the 
(m — r)-th minors vanish. Then the determinant is said to be 
of rank r. If the determinant does not vanish, it is of rank 
if the determinant vanishes but not every first minor 
vanishes, the determinant is of rank m — 1 ; and so on. If 
every element vanishes, the determinant is of rank zero. 

If B is a substitution tvkose determinant does not vanish, 
the determinants of AB and BA %oill have the same rank 
as the determinant of A. 

For each A-th minor of the determinant of AB (or BA) is 
a linear function of /c-th minors of the determinant of A ; for 
instance, taking A: = 3 and m = 4, 

^hl^w "h ^12^21 d" ^11 ^^12 d* ^12^^22 d* ^13^32 "b ^14^12> 

d" ^ 22 ^' 2 i d* b ^^ a ^^ + ? ^21 ^^ 2 d" d" + ^24^^42 » 

^31 d ^32^21 "b ^33^^31 d ^34^^41 » d* ^32^22 "b ^33^^32 *b ^ 34 ^^ 42 ^ 

aj3 + ^12^^23 "b ^^13^33 “b ^^14^43 
d- ^22<^23 -b ^23 <^33 d- ^24^43 
^^31 %3 d" ^32^23 "b ^^33^33 d ^34^43 

* 111 §§ 1 to 4 we do not assume that the determinant of a substitution 
docs not vanish. 
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^12^13^14 


^^21^31^41 


^11^13^44 



= 

^^22 ^^23 ^^24 

X 

^'22^^32^ fl 2 

+ 


X 

12 


^32^^33^34 


^^23 ^^33^^43 


^^31 ^^33 ^^34 






j ^ hl ^^2 A ^41 




1 ^*^21 ^31 

4- 

^^21 ^^22 ^^24 

X 


+ 

^^21 ^^22 ^^23 

X 

^12^22^^52 


^^31 ^34 


! ^13^23^^43 


^31^^32^33 




as is readily verified. 

It follows immediately that the rank of the determinant of 
AB (or BA) cannot exceed the rank of the determinant of A. 

But since A = AB,B^^^ the precedinL^ argument shows 
that the rank of the determinant of A cannot exceed the rank 
of the determinant of AB, 

Hence the ranks of the determinants of A and AB (or BA) 
are equal. 


Ex. 1. The rank of a determinant is the same as the rank of 
the transposed determinant. 

Ex. 2. The rank of a determinant is not altered by multiplying 
all the elements of any row by a non-zero constant, or by 
adding to each element of any row the corresponding element of 
another row. 


Ex. 3. Find the rank of the determinants 


1 ^ 

1 1 

2 1 


! 1 

- 1 r 

6 8 



1 

0 

1 



1 

1 

0 



0 

0 

0 1 


_ 

1 - 

-1 

0 

> 


1 

0 

1 



.) 

1 

0 




1 

1 

1 

1 



1 

1 

1 

1 


1 

1 

1 

1 


y 

0 

1 

o 

1 


1 

1 

1 

1 



0 

0 

0 

1 


1 

1 

1 

1 



0 

0 

0 

1 


[2, 1, 1, 2, 1, 3.] 

Ex. 4. Prove that the determinants of A and A A' have the same 
rank. 


[Use the expression given in § 1 for a minor of the deter- 
minant of AB in terms of the minors of the determinants of 
A and jB.] 

Ex. 5. If the determinant of A is of rank r, the characteristic- 
equation of A has at least m — r zero roots. 

[Differentiate the characteristic-equation m — r — 1 times with 
respect to A. The resulting equation has a zero root. ] 
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§ 2. Invariant-factors of a Determinant. 

Consider now the determinant 


A = 


^11 ^^11 
Clgi ^^21 


^12 

^22 ^^22 








a, 


2m 


-kb, 


2m 


^ ^mni 


When expanded it may be expressed in the form 
where k is independent of A. 

Suppose that eve^^y first minor when expressed in the same 
form has (A — a)^i as a factor (but that one or more is not 
divisible by (A -- that every second minor has (A — as 

a factor, and so on.* 

Now r > r^. For by the ordinary rule for differentiating 
a determinant! — is a linear function of the first minors 


^A 


^)A 


of A, and — is divisible by (A — a)'*"^ but not by (A — 


Similarly 


r. > > r, > 


Suppose quantities (k---(3y\ (A~/i)\ (A-/i)% ..., &c., ob- 
tained in a similar manner. 

Then the quantities 

{k^oty-r^, (A-^afr’., {k-ocy-\ 

{k~/3y-\ {k-(Byr\ (k-^fty.-\ ...; &c., &c., 
are called the invariant-factors I of A. 

The name is derived from the following important property : 
Suppose P, Q any substitutions, and let l^AQ = C, PBQ = D, 
Then, if 


b = 


t'ji AcZji ^^12 

A d 


^21 ^ ^^21 




y — kcL 


^2m ^ 


^mi ^iu2 

A and h have the same invariant-factors 


^mni 


* We suppose zero divisible by every power of (X — OK). 
■f If dashes denote differentiation with respect to x, 


d 

a 

h 

c 


a' 

V 

d 


a 

h c 


a 

h 

c 

dx 

d 

c 

/ 

== 

(1 

c 

f 

+ 

d' 

e' r 

+ 

d 

€ 

/ 

0 

h 

i 


U 

h 

i 


' 0 

h i 1 


if' 

h' 

i' 


and so in general. 


Blementartheiler, 
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Suppose that the highest power of (A — a) which divides all 
the k-ih. minors of b is {K—ocyie. 

We assume for the present that any k-ih minor of b is 
a linear function of fc-th minors of A. 

It will follow that every /o-th minor of o is divisible by 
or > r;,. 

Similarly, since A = P-^CQ-'^ and B = P-^DQ-^, we have 
n ^ Pjr 

Hence^ Vj. = p^ ; and the identity of the invariant-factors of 
A and b immediately follows. 

In particular, 6 /A is independent of A. We readily show in 
fact that b / A is the product of the determinants of P and Q. 

To prove that any Z:-th minor of 8 is a linear function of 
fc-th minors of A, we proceed as follows : — 

Let AQ = U and BQ =F. Then, denoting hy A— XB the 
substitution whose coefficients are ct^j — Xbij^ we show exactly 
as in § 1 that any /;-th minor of the determinant of U—XV, 
i.e. of {A^XB)Q, is a linear function of k-th minors of A. 

Repeating the process, we show that any k-ih minor of 5, 
i.e, ol the determinant of -AF), is a linear function 

of k-ih minors of the determinant of U—XV, and is therefore 
a linear function of k-ih minors of A. 

In the above we may suppose the determinant of A to be 
zero, if we admit zero values for a, /i?, y, .... 

If the determinant of B vanishes wo may consider similarly 
the determinant whose elements are Aa,* — 

It ia essential, however, that the determinants of 1^ and Q 
should not vanish. 

We have supposed, moreover, that A does not vanish 
identically for every value of A. For a discussion of this case 
we must refer elsewhere.* 


Ex. 1. Find the invariant-factors of 


I 1-A 0 
I 1-A l-A 

6-3A 2+A 3A 

2-fA -l-fA 3 
3A 3 2-fA 

1 -f A 0 1 -f A 

0 0 1-A , 

1 + A 1-A -1-1-3A I 


j 2 4" A, A 
' I 1 + 2A, 2-A ’ 

1 + A 0 ~1-2A 

0 14-3A ~1-~4A 

-1-2A -1-4A 4A 

0 0 -2+A 

0 1 + A 2A 

-2 + A 2A -8 + 4A 


2-A 

-1 


1 

-A 


* e. g. Muth, Elementat theilcTj § 8; Bromwich, Quadialic Formsj § 21. 
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(A-l)2; (X-l),(\--4); (A-1), (A + 2), 
{A+i)3; (A_l), (A-1), (A + 1); (A-2F,(A + 1).] 

Ex. 2. Find the invariant-factors of 


'X — A 10 0 


-A 

1 

0 

0 

0 (X-A 1 0 

and 

0 

-A 

1 

0 

0 0 ^x-A 1 

0 

0 

-A 

1 

0 0 0 cx-A 


a h 

c 

d-k 

"(A — (X)'^; the factors of A'^— 


-cX2-dX'.] 




Ex. 3. The invariant-factors of the determinant A of § 2 are 
unaltered if we multiply any row (or column) of A by a non-zero 
constant independent of A, or if we add each element of a given 
row to the corresponding element of another given row. 

[This result will assist in the practical calculation of invariant- 
factors.] 

Ex. 4. The complex invariant-factors of the determinant 
I — A& I of Ch. I, § 18, occur in pairs of the type (A -—ex)’, (A— 

[Since and = the minors of this determinant 

can evidently be grouped into conjugate pairs. For instance, 


an- 

a3i- 


■Un 

-Kh,, 


^ 32 ^ ^32 


and 


rtn-A&„ 


^13 




13 


— ^^21 ^^23 ^^23 


are conjugate complex quantities, A being considered real. Hence, 
if (A — divides all minors of a given order, so does (A.— 
and conversely.] 


§ 3. Invariant-factors of a Substitution. 

By the Invariant-factors of a suhstitntion A we mean the 
in variant- factors of its characteristic-determinant. 

In this case the substitution J5 of § 3 is replaced by the 
unit substitution E. 

Taking Q = P = >S'~^ in § 2, and noting that 
D = 8-^ES = E, 

we see that the invariant-factors of S~'^AS and of A arc 
identical, i.e. : — 

The invariant-factors of a substitution A are identical with 
the invariant-factors of any substitution into which A can be 
transformed. 

The following theorems are an immediate consequence of 
the definitions : — 

A substitution has the same invariant- factors as its trans- 
posed substitution. 

If the invariant-factors of A are 
{k-a)\ (X-a)^ {k-(x)\ {k-li)\ ik-j3)\ ... 


, . * . , 
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the invariant-factors of A and A' are 

(A-a)'S (\-a)% .... 

Again, 

The invariant' factors of TA^ ivhere T is the similarity snh- 
siitiition 

x(- kx^, x.'=^ kx^, «„/= kx,,^, 
are 

{k-koifi, {k-hoLfi^ {k~h(x)%, {k^kf3)\ .... 

Ex. 1. The complex invariant-factors of a real substitution occur 
in pairs of the type (A— a)^, (X — cx)". 

Ex. 2. The complex invariant-factors of the product AM of 
a Hermitian substitution A and a real multiplication M occur in 
pairs of the type (A — (A — tx)". 

[If M=z(eiX-^, characteristic-determinant 

of AM becomes after division by 


^11 — A/Ci 

«12 

• ^\m 

«2i 

^^‘22 ^/^‘2 

• ^im 


a, 



Now use § 2, Ex, 4.] 

Ex. 3. Prove similarly that the invariant-factors of the product 
of an alternate substitution and a multiplication occur in pairs ol’ 
the type (A — a)^, (A + a)^'. 

§ 4. Invariant-factors of a Direct-Product. 

It is easy to determine the invariant-factors of a direct 
product when we know the invariant-factors of the constituent 
substitutions. 

Consider, for instance, a direct product of substitutions on 
the variables 

a\, x^, cCj, and x^>, and x^, x^. 

The characteristic-determinant of the substitution takes the 
form 

H€ — A 4: o o o o o 

He — Ah« o o o o o 

He He He — A o o O O o 

o o o H? — Ane o o 

o o o He He — A He O o ’ 

O o o He He He — A o o 

o o o o o o He — Ane 

O O O O O O He He — A 

where the asterisks denote quantities not necessanly zero. 

jS6 of 
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If we erase a row and a column of this determinant, the 
resulting first minor is readily seen to vanish unless the erased 
row is one of the first three rows and also the erased column 
one of the first three columns, or else the erased row is one of 

the next three rows and the erased column one of the next 

three columns, or else the erased row is one of the last two rows 
and the erased column is one of the last two columns. 

In fact the resulting first minor will vanish unless the 
erasing of row and column leaves each of the three parts 
of the characteristic-determinant which is of the type 
—A sK * 

>Jc — A 

^ % * jjs — A _ 

in square form; i.e. does not convert it into a rectangle with 
length and })roadth unequal. 

Similarly, when two rows and columns are erased the 
resulting second minor vanishes unless each part of the 
characteristic-determinant remains in square form ; and so for 
third, fourth, ..., minors. 

It follows at once that if each constituent has a single 
invariant-factor which is a power of (A — a),* then the in- 
variant-factors of the direct product corresponding to the 
characteristic-root (X arc 

(A_a)«i, (A-a)«a, 

where 

(A — a)^i, (A — 0()^2, (A — o()% ... {a^ > cc^> ci^> 

are the invariant-factors of the constituent substitutions. 

Even when the constituent-substitutions have more than 
one invariant-factor which is a power of (A — a), it will be easy 
to obtain the invariant-factors of the direct product in any 
given example ; but the case just discussed is the case of most 
importance in the general theory. 

§ 6. Invariant-factors of a Canonical Substitution. 

The substitution C of Ch. I, § 8, has the single invariant- 
factor (A — For the characteristic-determinant is (cx — A)’”, 
and the first minor obtained by erasing the last row and the 
first column in this determinant is unity. 

Using § 4, we at once obtain the invariant-factors of the 
canonical substitution of Ch. I, § 9, and establish that 

* i.e. the determinant of each constituent has at least one first minor not 
divisible by (A — (X). 
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The direct product N of suhstitutions of the type 

+ X^j X^ = ^3j • • • > ^ m -1” mJ 5 

/o 7 ’ which 

IX — OL and m=ai, /x = (x and m = jit = a and m = a.^ ..., 

lx = /3 and m—h^^ M = and on—h.,, ix = fS and m — 

|ix= y and m = Cj, M = y and M = y and m= C 3 , ..., 

respectively, tohcre 

™ ^3 “ • • • j — ^‘2 — ^3 — • • • ) — ^‘2 — ^3 — • • ' > • • • » 

^as the invariant- factors 

(\-oc)\ (,\-a)S (X-a/S, ..., (A-/i)''., (A-/3)^ ..., 

(^-yXs (^-y)S (^-y)% •••. •■■• 

The reader Avill have no difficulty in showing by a similar 
process that the inverse N~^ of this direct product has the 
in variant-factors 

(x-/ri)''., (x-/r')\ (x-/r’)'' 3 , ..., 

(X-y“')% (X-y-i)'’3, (X— ..., .... 

Corollary I. 

If a substitution A has invariant-factors 
— (x — ay^a, (A — a)% ..., where a^ > a, >a^> ..., 

(X-ZB/'i, {K-^)\ where h^>h]>h,>..., 

(X-y)'’*, (X-yK (^-y)^ where Ci> c.^>r,> ..., 


it is transformable into the canonical substitution N of § 5. 

For A is transformable into a canonical substitution (Ch. I, 
§ b), and any canonical substitution with the given invariant- 
factors is evidently transforniablo into iV^ of § 5. 

Corollary II. 

If a substitution has the invariant-factors given in 
Corollary 7, the invariant-factors of its inverse are 

(A — (A — cx'^yS •••» 

{K-ir^)\ (x-/j-’)S •••. 

(X-y-^)''>, (X-y-*)S (X-y-*)^, ... , 


For if S-'^AS = N, = iV-' (Ch. I, § 5). Now use 

the result at the end of § 5. 


1045 
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Corollary III. 

Any given substitution A can be transformed into any 
given substitution B with the same invariant factors. 

For by Corollary I wo can find substitutions S, T such 
that S-^AB = N, and then B'^AS ^ T^^BT or 

P-MP = P, where P = >ST“b 

Equating corresponding coefficients in the two substitutions 
AP and PB of degree we have linear equations in the 
coefficients of P. If A and B have the same invariant- 
factors, these equations are consistent (though not in general 
independent). Solving them, we get a substitution P trans- 
forming A into P, whose coefficients are rational functions of 
the coefficients of A and P. 

For instance, when we know the invariant-factors of A, we 
know N ; and hence we can find a substitution transforming 
A into its canonical form A.* 

Corollary IV. 

A substitution A is of finite order if and only if every 
invariant factor has unit exponent'\ and every characteristic- 
root is a root of unity. 

For is of the same order and has the same characteristic- 
roots and invariant-factors as the canonical form N into 
which it may be transformed. But A is only of finite order 
if it is a multiplication whose coefficients are roots of unity. 
(Ch. I, § 9, Corollary II.) 

Corollary V. 

If the substitution A has exactly k invariantf actors ivhiclt 
are powers of — it has a (/c--l)- 2 % infinite number of 
poles corresponding to the characteristic-root A = a. 

For this has been proved for A in Ch. I, §§ 7 and 8. 
Now use Ch. I, § 6. 

Ex. 1. 2x-\-2y) can be transformed into 

(5a!-h6^, — ^-2y). 

[They both have invariant-factors (A + 1), (A— 4).] 

* To find tliGSG invariant-factors, we may with advantage first transform 
A into some simpler form, e. g. by the process of Cli. IV, § 1, Ex, 10. 

f An invariant-factor such as (A — «) with unit exponent will often be called 
a linear or simple invariant-factor. 
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Ex. 2. 2a; + 3^— S-sr, 4.r + 2^—3^) is transformable 

into {—z, ic+3y + 3-2^, ~y), 

[They both have the invariant-factor (A— 1)^.] 

Ex. 3. Find by invariant-factors the canonical form of 
(x—y-{‘2z — 2w, — 3^ — 22 (?, --2:r4-2y — 3^-f 3?r, 2y-\-iv). 

[See Ch. I, § 9, Ex. 3.] 

Find similarly the canonical form of the substitutions in Ch. I, 
§ 9, Ex. 5. 

Ex. 4. Transform A = (i;-f 14^ r 7.^, 6^ + 4^) into its 

canonical form N — (j, y, 2z). 

[If P~^AP=A^, where 

F^(lj^x+miy-{-niZ, l^x-\‘m.^y-{ l^x^-m.y■\■n^z\ 

equating corresponding coefficients in AP = FN gives 

— 14?i — = Wj, 7^^ — ' 

?2 = 14?2— + 4m.^ = • 

L = 2?;3, 14?j-W3-f-6w3 = 2m^. 7(j-m3 4-4n3 = 2% 

These equations reduce to 

7l^z=z 7h = k = 0, ni;^=^27t.^. 

Ilonce P may be any substitution whose coefficients are connected 
by these four independent and consistent relations.] 

Apply the method to Ex. 1, 2, 3. 

6. A Second Canonical Substitution. 

The substitution A of § 5 is transformable into another 
form which is sometimes more useful than the form A itself. 

Suppose that on page 57 

(A - oc)^i . (A - [3'/h , (A - y)"i ~ k^' - e.^\- . - c,A^"h 

(A - oc}^^ . (A - 13^2 . (A - yY ^ . . . = A^' -/,A ~ . -/^A^-i, 

so that + + = r, a 2 + &2 + ^2 + “* = 

Then N is transformable into the substitution L 
a?/ = •••» 

^r+l~^r+2J ^ ?'+2 ~ ^r+3> ••• > ^ ?*+8-i ~ ^/’+5’ 

^ r+8 ~ + f 2 ^r+ 2 '^ ••• "^fa^r+s 5 



which is the direct product of substitutions each of the type 

££■/= X^, x(= X^, ... , *r> V= e^X^ + 6.^X2+ ...+(!r0(!^, 
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the characteristic-determinant of each constituent of the direct 
product being a factor of the characteristic -determinant of the 
preceding constituent. 

For since the first minor obtained by erasing the last row 
and the first column in the characteristic-determinant of 

a;.., ^ ••• f 

is unity, this constituent of X has invariant-factors 

(A-y)^S .... 

It follows from 4 that L has the same invariant- factors as 
A, and hence is transformable into A.* 

The reader will find properties of the substitution L in 
Ch. I, § 3, Ex. 14, and § 6, Ex. 5 (iv). 

If A is any su})stitntion with canonical substitution A, the 
first constituent in the direct product L has a characteristic- 
determinant which is the quotient of the characteristic- deter- 
minant of A by the hig'hest common factor of the first minors 
of the characteristic-determinant of A. The second constituent 
of X has a characteristic- determinant which is the quotient of 
this highest common factor by the highest common factor 
of the second minors of the characteristic-determinant of A ; 
and so on. Hence X can always be found, when A is given ; 
and ^ the coefficients of X are rational functions of the 
coefficients of A. 


Ex. 1. Transform 

•^1 X 2^^ X<2 — ^ .^2 -f* > . . . , X ^ Oi. X ^ ^ X ^ ^ X^. = 0(X^ 

into the type 

^1 ~ ^ 2 ) ^2 ^ / 1 — > X^' — CyXi-\- ejX2-\- X^ . 


[Put 




Ex. 2. If = (a;4-14^ + 7r, —y—s, 6y + 4^), 

then L = (?/, — 2a;+3?/, ^:). 

Find P so that V~^AF ~ L. 

[The invariant-factors of A are (A.— 1), (A — 2). This 

gives X. 

If P= h2X-\-m2y-\-n2Z, l^^x-^-m-^y 

we have, on comparing coefficients in AP and PL as in § 5, 


* The following authors have made use of the substitution L: Nicoletti, 
Annah (Ji Matematna 111, xiv (1908) ; Land.sberg, CteUc, cxvi (18%), p. .‘531 ; 
Burnside, IVoc. London Hath Sor., xxx (1808), p. 183; Lattes, Compfes rendus, 
civ (1912), p. 1182. For these references I am indebted to Professor Lattes. 
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Ex. 4, nine equations which reduce to the live independent and 
consistent equations 

7/3 — WI-JJ + = 0 , ^ 1 —^ 2 ') + 4|2j = ?? 2 , 

— + Wi — ^2 = 2% — 2/?2. 

For instance, we might have 

P = (^— 2^, ic + 2^ — — .r— ?/4-2^).] 

Apply a similar process to § 5, Ex. 1, 2, 3. 

Ex. 3. We can transform A into the form L by a substitution 
whose coefficients are rational functions of the coefficients of A. 
[Use the method of Ex. 2.] 

§ 7. Substitution Transformable into its Inverse. 

As an example on the substitution of § 6 wo may show 
that : — 

Tf a siihdiiutioii A has the same iavariant-faviors as its 
inversey A is the product of hvo suhstiiutiom of order 2, each 
of tvhich transforms A into its inverse. 

If F-^AP = A-^ and F^ = E, then 
(P-Ul)-L A (P-M) = A-\FAP-FA 

= A~\F-^AF,A == A-^ 

and (P-iA)2 = P-M P-M P'Vl P. A =r P. 

Hence A is the product of two substitutions P and P“M 
of order 2, each of which transforms A into A”h 
It is therefore sufficient to prove the existence of F. 
Moreover, it is sufficient to prove the existence of P for 
any substitution L into which A can be transformed ; for if 
P-^LP = Ir^ and P^ = Ey where ^-^AS = P, then 

{SPS-^)-^A {HFS-^) = >SP-^ . S~^A8 . P;S-' 

= SP-U.P^~^ = = A-^ 

and ^PS~^ is of order 2. 

We may take L as the substitution of § 6, which is the direct 
product of substitutions of the type 

) • • • 5 ^ r~i ~ ) 

X y. = e^x^-\- e2^'d\^-\- , , , e y j' y (i) 

It will evidently be sufficient to prove the result for this 
constituent (i). Now (i) is transformed by the substitution 

= Xyy X^ = ^r~iy ~ 2) j ~ 
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of order 2 into 

+ Cr-1^2 + . . . + iC/ , ^*2^ = ) 

a3/=a!2, (ii), 

while the inverse of (i) is 

1 / X 

X^ — iKp X<^ ~ J X y, 

This inverse coincides with (ii), provided 

(iii) 

But those relations (iii) hold good. For since (i) is trans- 
formable into its inverse, and has therefore the same invariant- 
factors as its inverse, the characteristic-equation of (i) 

must be identical with an expression of the type 

(A--l)P(\+iy/(\---0()«(A-a-y (A-/3y^(A-i3-^)\.^ =0 
by Corollary II of § 5. 

Hence — — is unaltered when we 

replace A by A"^ ; which gives the equations (iii). 
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§ 1. Transformation of Bilinear Forms. 


With any substitution A 

x/= a/^a;^ + af,,x^+ . . . + (i = 1. 2, , m) 

may be associated a bilinear form 

a{x,y) = ^aijyiXj = 2, ..., m) 

in the two sets of variables 

The product of two forms a{x^ y) and b{x^y) is defined as 
c (Xy 2 /), where 

+ • • • + 

The substitution G corresponding to c (.r, y) is therefore the 
product of A and B corresponding to a(Xyy) and b(Xyy) 
respectively. It should be noticed that this definition will 
hold even if the determinant formed by the coefficients of 
a{Xyy) or h{Xyy) vanishes. 

Suppose that in the form a {x, y) we substitute 

Fn X, + . . . + Vtm Xm I (( = 1_ 2 m). 

^t\ yi + y2 + • . . + <hni Vm foi’ Vi J 


Then we transform a (Xy y) = ^aijy^Xj into 

(Ii2y‘2 + . . . + <lini7ui) {pjl + . . . 4 - 

= ^.i^fhsani^it) ys^t = ,5 Kty.^i = ^ y)> 


where B = PAQ ' ; a result of considerable importance. 

It will be noticed that by Ch. II, § 1, the determinants of 
B and A have the same rank. 

If P = Q, the a;’8 and y'a are said to be transformed by 
a congruent transformation. 

We have supposed the two sets of variables 
x^, x^, 8.nd 2/]) 2 / 2 ) 

independent. This is not necessarily the case. 
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Wemightput = •••> //m= 

Then (i (x, y) becomes the quadratic form a {x^ x) or 

^a^jX^Xj 2, m). 

Any transformation of the a;’s and y^ must now be con- 
gruent ; so that if we put 

in a (x, x) we get h (x, x), where B = FAF\ 

Another case of importance is that in which 

2/l ~ ‘^15 2/2 “ ^2 5 * * * 5 ym~ '^m • 

T\ima{Xjy) becomes a(x, x) or ^a^jX^Xj, 

If we put 

1 ^ 11 ^ 1 + 2 ^ 12^2 + ■■■ for X,, 

we must put 

Pll^l + P/2^2+ “■ +Pim^m for ''«f 
Then a (a;, x) becomes h (x, x), where B — PAP'. 

Changing now the notation, suppose that when we put 

Pn^,+Pu^ 2 +-+Pi,u^,n for ^ 1 2 

<111^1 + <112^2 + • • • + 'hmJM for Vt ) 
a {x, 2 j) becomes c (x, y) and h (a;, 2 j) becomes d (x, y). 

Then, by Ch. II, § 2, since PAQ' = C and PBQ' = D, the, 
determinants 



^^12” 

>' 

^5 


^21 ""^^21 

^^22 

. . 




* 

• inm 

^11 

012 - 

— A(/^9 . • 

iit, 

— Aci^i 

02'- 

- A(i22 * 


ml 


— A(Z^,^9 . 



have the same invariant-factors. 

In particular, the second determinant is a multiple of the 
first.* 

* It is tho first determinant multiplied by the product of the determinants 
of P and Q, which are supposed not to vanisli. 
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Ex. If the substitution B is transformed into A by the 
orthogonal substitution P, a [x, g) becomes h (x, y) when we per- 
form on it the congruent transformation 

... Vi =i5^iyi+JJ/2y2-i- ... -Vlhmlnv 


§ 2. Hermitian Forms. 

If A is a Hermitian substitution, so that a(.r, iJ;) 

is called a Ilermitian form, 
l^u t 

for u,’,) 

foi' 

and a{x^x) becomes h where P— IWF\ 

Since A is Hermitian, by Ch. I, § 10, P is Hermitian, and 
hence 

A)iy change of variables transforms a Hermitian form 
into a Hermitian form. 

Suppose now that P"^ is the unitary substitution (Ch. I, 
§ 12) transforming A into the multiplication 

a*i = ~ ^2^2) •••» ^\)i ~ 

Since P is unitary, H = P~h Therefore B = PAP"‘\ and 
hence h (x, x) is the Hermitian form 

A^x^Xj H-A^x^x^H- ... +A^,,x^,,x,^,. 

Hence 

Any Hermitian form a(x,x) with non-zero determinant 
can he transformed by a suitable unitary change of variables 
into the form 

A I Xi x^ + A 2 X.X 2 + . . . + A,,, ^ 

where A^, A^, are the real characteristic- roots of the 

associated substitution A. 

Suppose now that we have a Hermitian form a. (x, x) 
whose characteristic- equation 

I ^11“”^ . • • 1 


has 771 — r zero roots, the other roots being Aj, A.^, A^. 

Suppose — e is not a root, and let e (x, x) denote 

Xj^Xj^ + X>/X^ + . . . + 


1645 
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Then the characteristic-equation of a (ic, + e . e (oJ, x) has 
the roots 

Ai + €, Ag 4- e, . . . , A^, 6, c, €, . . . j 

none of which is zero. 

Therefore, as before, a suitable unitary change of variables 
reduces a (cc, 5) -f c . e (a;, x) to 

{\ X , + A,x,x^, + . . . + A,x,x^) 4- 6 (x^Xj 4- x,x, f . . . 4- x,,,x J. 

But a unitary change of variables reduces e(«J, x) to e (x, x), 
since e {x, x) is an invariant of a unitary substitution by 
Ch. I, § 11. 

Hence by the unitary change of variables a (x, x) has been 
reduced to 

Ai x,Xi 4- A^x^x, 4- ... 4- A,x,x,. 

Since x^, X 2 , ..., x^,^ are independent linear functions of 
ccj, iCgj •••, determinants of a(XyX) and of 

have the same rank (§ 1). 

But the rank of the latter is r, and therefore the rank of 
the determinant of is r. We call r the rank of the form 
a {Xy x). Then we have : — 

A Hermitian form of rank r can he reduced by a mitable 
unita'i'y change of variables into the form 

A^x^Xi 4- A 2 X 2 X 2 4* ... 4- A^x,x^, 

Ai, A 2 , ..., A,^ being the real non-zero characteristic-roots of 
the form-^ 

Suppose that A^, A 2 , ..., A;^ are positive, and A/^^. 2 , ..., A,, 
are negative. Putting 

\/AjXi = V'a^x/. = ^lc+i> 

**., 'f A^X^ = ^yy 

we reduce the Hermitian form to 

“1“ ••• “i" * (^) 

which is the canonical shape of a Hermitian form of rank r. 

If by any other change of variables the Hermitian form 
a {Xy x) is reduced to 

+ (ii) 

* The reduction of the Hermitian form to this canonical shape can be 
effected more simply if we do not confine ourselves to a unitary change of 
variables ; cf. § 6. By the * characteristic-roots of the form ’ we mean the 
characteristic-roots of the associated substitution. 
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where r/j, 17.2, ...» rjg are independent linear functions of 
x^, then r = s and Z: = L 

For the rank of the determinant of (ii) is the same as that 
of the determinant of A; i. e. s = r. 

We have then 

... + 

= ^ 1^1 m+im+i ~ . . . - • 

Suppose, if possible, Ic > 1 . 

Then we can choose non-zero values of X2, x^^^ to 

make ik+i^ •••» vanish (for they are r — k+l 

linear functions of x ^, x ^, ...,^7,^5 and r — < in), but not 

all of Vr vanish.^ 

But then we should have a negative quantity on the right- 
hand side equal to a positive quantity on the left, which is 
impossible. 

If r = m and k = m or 0, so that a {x, x) is reducible 
respectively to _ _ 

±(^111 + ^ 912 + ... + 

a (x, x) is called a definite Hermitian form. It is sometimes 
called a positive Hermitian form when k — in, and a negative 
when A; = 0. It is definite if and only if the characteristic- 
roots of A are all positive, or all negative. A positive form 
is always > 0 (and a negative form < 0) for any values of 
x-^, x^, not all zero. 

Since a real symmetric substitution A is a particular case 
of a Hermitian substitution, we obtain readily in a similar 
manner : — 

A real quadratic form in m variables a (x, x) = Ia{jXiXj, 
where a^j = aj^, ichose determinant is of rank r, can he ex- 
pressed by a suitable orthogonal change of variables in the 
form XiXi^-^K2^2 

Aj, Ag, ..., A,, being the real non-zero characteristic-roots of the 
form.^ 

As before, if ay is real for all values of i and j, a {x, x) can 
be put in the form 

* The reduction of the quadratic form to this canonical shape can be 
effected more simply if we do not confine ourselves to an orthogonal change 
of variables ; cf. § 6. The reader should notice that among the in^ terms of 
:Za,jX^xJ there are pairs of identical terms such as a^jx^Xj and 

ajiX^ Xj , where i ^ j. We have 2 XiXj = x-^^ ac^ + . . . , 
where the right-hand side contains 1) terms. 
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where ^7., ^7.+!, are independent real linep 

functions of x^, ; and if it can be expressed also in 

the form ... + 

where 77^^, 777, 777+^, ... 77^. are independent real linear 

functions of Xj, x.^, x^,^, then r = s and k ^ L 

If r = m and % = m or 0, so that a {x, x) is reducible to 

a (Xi x) is called a I'eal definite quadratic form, positive or 
nei^ative according as k = m or k = 0. 

Ex. 1. In Oh. I, § 12, Ex. 1, the substitution A was transformed 
by FQ into (2.r, r). 

The inverse of PQ, which is the same as the substitution 
transposed to J^Q since PQ is orthogonal, has the matrix 


1 0 

1 1 

2 

1 5 

15 

1 5' 

5 

2 

14 

1 5 

15 

IS- 


— 10 

5 

1 b 

1 5 

1 5 


Hence the quadratic form 

5-0 6 2 5 ('‘^^7x2 -1427/2 + 275^2 _ 330^- + lC>0,:;r - 212:r^) 
becomes (2x2 + y“ — z2) if wo WTito 
1.5 a: = — 10x + lly + 2z, 15^ = 5x + 2y+ 14z, 

15^= — lOx— lOy + 5z. 

Ex. 2. Transform similarly the quadratic form 

Ex. 8. If A is a definite Ilermitian substitution, so is B'AB, 
If A is a real definite symmetric substitution, so is B'AB, 

QIn the first case B'AB is Hermitian by Ch. I, § 10. Now by 
Ch. Ill, § 1 the forms corresponding to A and B'AB can be 
transformed into one another. But by § 2, if one form is definite, 
so is the other. 

Similarly in the second case.] 

Ex. 4. If a (Xj y) is a real symmetric bilinear form 
and a (a:, x) is a definite quadratic form, then 

[a(x, 2/)] ' <{«(«■, x)] X {a (t/, 7j)}. 

[The equation a(\x-\-f^y^ Xx'\-fxy) = 0 in A/jut has unreal 
roots.] 


§ 3. Reduction of a Bilinear Form to Standard Type. 

The bilinear form 2 a^y^Xj may be reduced by an infinity 
of transformations of variables into the form 

3^jyi+x2y2+-*-+x^,y,.. 
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III 3 ] REDUCTION OF A BILINEAR FORM 

If the determinant of the form is not zero, it suffices to put 
for + + 

If the determinant of the form vanishes, this method breaks 
down, for then x^, x^, x,„ would not be independent. 

In this case we may proceed as follows : — 

First suppose that the quantities ^22, 
all zero. There is no loss of generality in supposing is 
not zero. 

Put for «„«•, + 

and r,, for «„ 2 /, + a2,?/.,+ ... +u,M 2 /m- 

Then 2 ciijyiOCj = -f - r;, +/, 

where / is a bilinear form in the variables 

.T2, OJo, ; 2/2 > 2/3 > •••’?/.. 01^ V- 

Next suppose that = O22 = ...= ct'mm — fl- There is no 
loss of generality in supposing aj2 ^ fb 

Now put Xi = A^2‘ Then the coefficient of y^X^ is 

^12 5 proceeding as before we get 

2 = ~ ^iVi +/. 

The same process can now bo applied to /, and so on. 
Finally put = cq^Xj (or l-hc second 

case), &c. 

By § 1, the determinants of 

have the same rank. Hence r is the rank of the determinant 
of 


Ex. 1 . Reduce 

a {x, y) = x.^ + 2/3 ( - + ^2) 

to standard form. 

[The coefficient of 2/1 ^^2 is 2 . Putting then = X2, x.2, = X|, 
we get a(x, y)^ 

Put = 2 Xi-- 3 iPj, Vi = 22/1 + 2 / 3 , since the coefficient of yiX^ 
is 2, and we have 

«(•'«, «/) = +2/2(-t^2-2a;3) + «/,, (- 3 X 2 + 1 aij), 

or «{*, = + 

where ^2 = 4X2-2a;3, = 4^2-3y.j. 
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Now put = 2xi, ^2 = 4x2, Vi = yi, Vi = 7i 
and a(x, y) becomes + where 

*2 = «1— yi = 2^1+2/3» 72 = 

Ex. 2. Keduce to standard form 

71 {a"2-«3) +72 (*i + 2a;.,) +73 (2a;i + 4a;2), 

and y^ (Sr, — 4 3:2 — 6 + 014) + y.^ (312 + 2313 + 23:4) 

+ 73 ( - a;2 - 2 .3:3 - 2 3:4) + 3/4 ( - 311 - 3 ;,j - 3 3:4). 

Ex. 8. The standard type into which a given bilinear form can 
be reduced has always the same number of terms, whatever be 
the manner in which the reduction is performed. 

[The number of terms is the rank of the determinant of the 
form.] 

Ex. 4. If a bilinear form is the product of two linear forms, its 
rank is unity. 

Ex. 5. If a bilinear form ^CL^jy^ocj with non-zero determinant 
is unaltered when we replace 

a;/ >>y JPn*'i+7i2^2+-+7i,Al _ 1 o 

y, by ?n7i+7i272+ - ^QrnyJ ^ ~ ’’ 

the invariant-factors of P and Q are such that to each invariant- 
factor (X—olY of P corresponds an invariant-factor (X — 
of (?. 

[Suppose that +^^22/2+ ••• becomes 2 aijy,iXj when 
we replace 

Xt by 3;, + + . . . + r„„3:,„| ^ j g m) 

7i by s„2/, +%% + ••• +«im7ml ^ 

Then 11 ES'=A, PAQ'=A. Hence B-^PR. S'Q’S'-'^ = E, or 
B-'PR = S'Q'-'^ S'-\ Therefore P and or P and have 
the same invariant-factors.] 

§ 4. Transformation of a Bilinear Form into the Sum of 
Two Bilinear Forms. 

In the last section, if 0 we proved that, when 2 ctijyiX- 
is expressed in terms of 

*^2’ ^35 ***5 2/2> 2 / 3 ? •••5 2/m 5 

where 

+ Cf'12^2 H" • • • "t "1" ^ 21^/2 “b • • • "I" ^m\yin > 

it becomes the sum of a bilinear form in ^ 1 , , and a bilinear 

form in 2 / 2 ^ •••> 2/m- 
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III 4] 


This is a particular case of the theorem : — 





a^2 



D = 

“21 

%2 • • 

• Hk 



Hi 

Hi . • 

• "/£/( 


is not zero, and ^a^y^Xj is expressed in terms of 

^'/il + D •••> ^lll> ’?!> •'•J dk+l’ •••> dm’ 

'where 


{t = 1,2, ...,1c). 


U = «<i«i + + • • • + «<,«««' 

Vt = «u2/l + «2<2/2 + • • • + 

then becomes the sum of a bilinear form in 

> ••• 5 Vl1 • •• 5 

and a bilinear form in •••? 2///r 

For Dx^a^jy^xj 


«U 

«12 • 

• • Hk 

^i 




«21 

^^22 • 

■ • Hk 

h 




Hi 

Hz ■ 

■ ■ '^kk 

ik 





Vi 

Vi • 

• • Vk 

V 

Hjdv 








Hi 

H 

! • • • «lfc 






Hi 

H 

: • • • *-''zk 

^2 





Hi 

H'. 

l ■ ■ • Hk 

6c 





Vi 

Vi 

■ • • Vk 

0 


The second determinant is evidently a bilinear form in 
•••5 determinant becomes, 

when we multiply the first k columns by Xj^ 

respectively and subtract from the last column, and multiply 
the first k rows by y^, y^y yj^ respectively and subtract 
from the last row, 


«u 

«]2 • 

• Hk 

«i 

Hi 

a22 • 

■ Hk 

H 

Hi 

Hi ■ ■ 

■ ■ Hk 

H 

^1 

t ’2 

• H 

f 


where + ••• + 

Vt = Ct]^+uyk+i+(^(h^2fyk+‘Z'^ 

and / = 2 aijiy^Xj {i j = /c + 1 , /o + 2 , . . . , 771), 

which is a bilinear form in ...» Vic+i^ Unf 

Dividing by D we get the given theorem. 
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REDUCTION OF A BILINEAR FORM [III 5 


§ 6. Reduction of a Bilinear Form to Standard Type by 
a Contragredient Transformation. 

The reduction of ^aijU^Xj to the form 

^1 4- A.^x^y^j + . . . + A^.x,. y^ 

by the transformation 

Ptvi^lll p(y ZH 

2// = + 

is only possible if the invariant-factors of A are all linear. 

In fact, if the determinant of A does not vanish, we have 
VAQ^ =^rAP^^ = A/, where M is the multiplication x^'=XfXf, 
This is only possible if A has linear invariant-factors. For 
by Ch. II, § 3, A and M have the same invariant-factors ; and 
the invariant-factors of a multiplication are linear. 

If the determinant of A vanishes, we get the same result by 
applying this argument to the form ( 2 tiijyiXj + eS and 
proceeding as in § 2. • * 

Ex. Since by Ch. I, § 9, Ex. 1, 

(a;— 2y — 2^, 2;r-f-3y + 4^, — 2.-C— y— 2^) 
is transformed into the multiplication (^, — y, 2z) by 
(a:-f-2y + 2^', -u;-y-2£f, y + 4 

whose inverse is [x — 2Zj —x—y + z)^ therefore the bilinear 

form 

»/i (a-, - 2 a'a - 2 a:^) + «/. (2 aij + 3 a^^ + 4 a:^) + 2/3 ( - 2 a-, - a^jj - 2 ai^) 
is transformed into y^Xj — y.^x^-H Sy^Xj by the substitution 
^rj~xi~2x^, = = — Xi — X2-fx., 

y\ - 7 \-Y 2 ^ 2/2 = 2yi-y2 + ya. Vi - ^yi-Sy^ + y^. 

§ 6. Reduction of a Bilinear Form to Standard Typo by 
a Congruent Transformation. 

If ^a^yy-,Xj is reduced to (x^y^ -f x^ya + . . . + x^y^) by a con- 
gruent change of variables 

A must be symmetric. 

For if <S * iy the substitution corresponding to 

{x^yi + x.j,y.,+ ...+x^y^), 

* £ has zero dotcrminiint unloss r =^m. In this case € is the unit sub- 
stitution E* 
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III 6] TO STANDARD TYPE 

we have PAP'= S ov A= P"^ £p'“^ which is symmetric by 
Ch. I, § 10. 

Conversely, 

If I^a^jy^Xj is symmeiric, we can reduce it to the form 

Xiyi + X2y2+...+x^y^ 

by a congruent change of variables. 

First suppose that not all the quantities a^^, a.j^y 
vanish. 

There is no loss of generality in supposing 0, 

Then if we put 

Vi ^nVi “b ^2x1/2 +•••■!■ ^hniUm ) 
where / only involves the variables 

x^y . ; ^2) 2/j> ** • > U 

and is symmetric.* 

If all the quantities a^,y ..., vanish, there is no loss 
of generality in supposing a^y ^ 0. 

Put 

Zi + ^2 ^ 2 ^ ^ 1 + 1^2 y^y F 1 -F 2 for y.^. 

Then the form ^ tranformed into one in which the 

coefficient of (and of — A 2 F 2 ) is ov2ay^ \ and 

we proceed as before. 

We can now apply the same process to the symmetric 
form /, and so on. 

Finally we put = Xj, — Yi, 

If ^a^jy^Xj is real as well as symmetric, every transforma- 
tion in this process is real except perhaps the last. If 
were negative, we should put 

fi/ ^ ^h / “ yi> 

and thus we reduce ^aijy^Xj to the form 

Xiyi + ... +x/^y^~x,^^iy;^+i~...-~Xyyy 

by a real congruent transformation (cf. § 2}. 

Taking y^ = x^, = a* 2 , y,„ = x,,y we reduce the real 

quadratic form ^a^jx^xj {a^j = aj^) with determinant of rank r 

* The result of operating on a symmetric form with a congruent trans- 
formation is symmetric; lor if A is symmetric, so is PAF' (Ch. I, § 10). 

Similarly the result of operating on an alternate form with a congruent 
transformation is alternate. 


1645 


K 
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REDUCTION OF A HERMITIAN FORM [III 6 

to the sum of squares + x/ + . . . 4 x/) ; or to the form 
^ if wo confine ourselves to 

real transformations. 

By a similar process the Hermitian form ^a,ijX^Xj (a^j = aj^) 
can be transformed into 

x^x^ 4- ... 4- — — ... — x^Xy,* 

taking ~ — •••> — For an alternative 

method, see § 2. 

The proof of § 4 shows that the quadratic form 

^a,ijXiXj{aij = aji) 

is reduced to the sum of a quadratic form in ? h 

a quadratic form in + ^* 7^+25 -“j substitution 

+cq2‘'^’2"b ••• •••> 

provided a^o • • • 

a^i Cl 22 • • • ^^2/i ^ 0. 

I CCj2 • • • ciii 

Similarly the Hermitian form ^a,ijX^Xj{a^-j dj^) is re- 
duced to the sum of a Hermitian form in ..., 4 and 

a Hermitian form in ^’/,+25 •••> under the same 

condition. 


Ex. 1, ^ 3 .2 ^ o rr ^^2 _ 0 ^^ ^ 4 - 2xy— 10xw+ 12yiv - 34 

— — + + -{-2x10 + 2^10 

= {-x-\-7j—oz-\-ijnf — (x + ^—ivf + 2iv‘^ 

= ( — a;4-y — 3<:^4- 4- ( '/S iv)'^ — (x 4- ^ 

The given quadratic form is also equivalent to 

(x + ;^-^tvf + (V2 [y-2^ + iw}f^(x + y^z + 2wf, 
which is again the sum of two real squares less one real square. 


Ex. 2. yji^-\-zx-\-2xif. 

Here the coefficients of x^, are all zero. 

Put x^X+Y. y:= X~ Y. Then 

+ = 2X2-2 Y2 + 2X^ = 2(X4-i4'-2r2~^^2 


{j; + »( + 2}) 


{94 


* When ail ~ ^t2 — ... = <fnim — 0 , ^ 0 ; put ac^ =- + a;a = tXi-f X3 

(instead of Xj ~ Jri 4 --r^:jj ^2 — <^ia4-<*2i ~ t) ; and — Xi4t^i2-^2; 

Xa - - Xi-i tt^i If f<Ji4 c^i f 
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Ex. 3. Express as the sum of squares 

yz-Vzx-^ xif—xw—yw—zw, 
xz + xu—yu + ziv + wii — yz, 

^2 ^ 4^2 _j- ^2 4^.^ __ 2 xz. 

Ex. 4. .7’[i> + (l+«)^J + j/[ — »x + (1-2()5'] 

+ ? [(1 — /)j; + (1 + 2 i) if\. 
Put x=X + iY, y=iX+Y. The given Hermitifin form 
becomes X [ - 2 X- .s] + Y [2 r+ (2 - 3 i) ^ 0 TJ- 

Put f = —2X — Z and it becomes 

- [2 Y+ (2 - 3 i) .-] + ?[ 12 + 3 0 Y+ ^ ,"1- 

Put 1 ? = 2r+(2-3j).j and it l)ccomes + 

Put V2y, 11 = /2x, e= ^ z and it becomes xx-yy-zz. 


Ex. 5. Transform into the standard type 

j‘[5x-iy+{l-2i)z] + y\ix+y + iz\ + :\(i+2i)x-iy + s], 

and i [{y:- ys:) + (.c.? - :x) + (ry - xy) 1 . 

Ex. 6. A quadi'otic form is the product of two linear factors if 
and only if its determinant is of rank 1 or 2. 


Ex. 7. Evaluate 




VC'^ dxdydz, where U and b 


are real quadratic forms in x, y, z, ((, and U is always positive 
or zero ; and similarly for any numljcr of variables. 

For instance, evaluate 

f" p {x'^-2xy-\-^i/ + ix + iy+K>)e-''(lc(ly, 


when U = x'^—2xy + 2y‘^ + 4.x + 9. 

[Express the integral in terms of x, y, z, where 


Then use 

^ / 
e^'^'^dx = V 77, 

J — CO 


xc~'^ dx = 0, 


x^e ^\lx = 2"^ 


In the illustration take 

a = l, Jc=-1, Ti = x-y + 2, y = 2 / + 2.] 


§ 7. Reduction of an Alternate Form. 

The alternate form l^a^jViXjiaij ^ -a-i) can he reduced 
to the form 

(x,y,-x^y,) + (xjy 4 -x,y,,) + (x-,y,-x,,y,) + ... 
by a congruent change of variables. 
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Since the form is alternate, = %3 = ••• = 0. 

We may suppose without loss of generality that ^ 0, 


Put 

for 

Oi.a;2 + ai3a;3+.. 



Vi for 

~®2i2/2 **3i2/3~" •' 

,. "-CtmxVm 


^2 for 

0^21 ^'23^3 d" • ' 



’?2 for 

-Oul/l -“322/3-- 



This transformation is congruent, since 

Then 2 ^ 2 - ^2^/0 +/ 

^'21 

where / is a bilinear form in 

•T.^, 2 / 4 ’ •**’ 2/})i 

only, and is alternate.* 

The same process may now be applied to/, and so on. 
Finally put 

i)i = ttaiVi. »?2 = «2iV2. 

This last transformation is unreal if is not real and 
positive. If a^i is always real, we can perform the reduction 
by a real transformation, by taking 

= a, 2 ^X 2 , ^2 = Vi = «] 2 ^y 2 > V 2 = f'i 2 *yi 

when a^i negative, and so on. 

Ex. 1. 

+ 2/4(-3a”,-,r2-2a:,5). 

Put = x,i-2x_, + ^x^, >?, =^2-2^.-. + ^2'4> 

—x^—x^ + x^, ri2 = —?/i— 2/3 + 2/41 
.and the given .alternate hiline.ar form is 

-(flV2-f2Vl) + ('/3n-2/4^3) = (Xiy2-*2yi) + (*3y4-*4y3)- 
where 

5 + ^ 4 )? 3C2=fi = (^2 — 2.r{ + 6ir4), 

and 

yj=J)^ = (-2/i— 2 /.J + 2 / 4 ). y 2 = Vl = (2/2“2j/j + 32/4)> y.l = 2/4. y4 = ^/3- 
Ex. 2. Reduce to standard form 

J/i (^2-^3)+2/2{^3-^i) + 2'a(*i— * 2 ) 

and 

2/1 (^2 - a:.! + 2 0:4) + 2/2 ( - ii’i + + «4) + 2/3 (*i - a’2 + 3 3:4) 

+ 2/4 (— Sa-, —Xj^—Zx.^. 


See footnote, p. 73. 
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III 8] 

§ 8. Adjoint Bilinear Forms. 

The bilinear form 

r/ii • • • ^\m 

^22 * * • ^^ 2 i » ‘^‘2 

= 

^m'l ^ni2 • * • ^mm 

2/l 2/2 • • • Vm 

is called the form adjoint to ^a^jy^Xj, 

A-- is the co-factor of a,ij in the determinant \a\ of 

^aiiViX}. 

If the rank of 2aijy,iX,j is <m — 2, each of the quantities 
A^l vanishes, and therefore the adjoint form vanishes iden- 
tically. 

If the rank of ^ctijyiXj is m, the rank of the adjoint form 
is also m; for its determinant is {' a| 

The adjoint form of the adjoint form is the original bilinear 
form multiplied by { ] a | * 

If the rank of ^a^jy^Xj is 77i — 1, the rank of the adjoint 
form is 1. 

For not all the quantities A^j vanish while 

a33 . . . 

X I a 1 = 0 * &c. 


Since the adjoint form is of rank 1, it is the product of two 
linear factors (§ 3). 

Suppose it is 

+P2X2 + . . . + (q, yi + + . . . + 

where Pg ^0, q^i^ 0. 

Comparing coefficients of ytX^, •••? Vt^m^ 

Pl-lh- ••• = ••• 

and similarly 

j?l * ?2 • ~ * “^81 

Since \ p,^ and are the 

solutions of the equations 

* See, for instance, Burnside and Panton's Theory of Equations^ Cb. XI. 
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[III 8 

"ba ba _ 0 ba _ _ _ q 

bx, ~ b.r, ^ ^Vz ^Vm ~ 

respectively; where a ^ ^ajjyiXj. 

Putting 2/i = a'i..2/2 = «2. •■•-?/,»= . ^'y; = 

bilinear form and its adjoint form, we obtain a quadratic 
form and the ((.djoint qtiadratic form. 

If the rank of the quadratic form a is < vi — 2, the adjoint 
form vanishes identically. 

If the rank of a is m, the rank of the adjoint form is 
also m; and the adjoint form of the adjoint form is the 
original quadratic form multiplied by {\a | 

If the rank of a is — the adjoint form is a perfect 
square + ... where are 

the solutions of 

^(6 ^(t 

- c\r, ‘ 

Similarly for a Hermitian form. 

Ex. Find the adjoint forms of 

and of — -\-(Syz -\-Q>zx — 2xy, 

(2^1— + + and 

§ 9. The Sum of Substitutions. 

Let a (oj, y), h {x, y), ... , /* (x, y) be the bilinear forms corre- 
sponding to the sulistitutions Ay ..., Vv ; and let B be the 
substitution corresponding to the bilinear form 

« (.t;, ?/) = 0 ( . a (x, 9/) + /i . i (x, 7/) + . . . + K . A: (x, y), 

so that 

+ ... + kIv^j [iyj = 1, 2, ... , w). 

Then we say that 

— (X A B k1\. • 

If s {Xy y) vanishes identically, we say that 

o^^+/I^+... + Kyf = 0. 

In this case Ay By ..., K are said to bo Ihiearly dependent.^ 

It follows at once from the definition that 
r{piA-^pB) = oiPA-^^ftPBy B{aA-vi^B-\-yG) 

— (xPA-\- f^PB + yPGy and so on. 

* If we cannot clioose a, /3, , /do make QiA-{ ..,XkK = 0, AyBy .,.y K 

are ‘ linearly independent’. 
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III 9] THE SUM OF SUBSTITUTIONS 

Similarly 

(olA + /i-B -i- ... + kK)Q = (xAQ-^fiBQ + ... kKQ. 

Again, 

= (X PiiQ -f ^ PBQ + . . . + kPKQ. 

Ex. 1. If A, J5, (7, K are linearly independent substitu- 
tions of degree m, any other substitution S of degree m is linearly 
dependent on A, 1?, C, K. 

[We can always find quantities X, [i, y, . . . , k to satisfy 
= (i, j=z 1, 2, m).] 

Ex. 2. The powers ( = U), A'^( = A), ... of a given 

substitution A cannot be all linearly independent. 

[Use the last Example.] 

Ex. 3. If A'^ is linearly dependent on A®, A^, A^, 

so are A'^'^'\ .... 

[If A^ = aQA^^ + a,A^+„.+a,_^A>^\ +^*^4- ... 

+ A’' = a, + K + a, .i^i) A^ -f (a^ + 

4-(a,._2 + «'^_i)A’ h] 

Ex. 4. If A^\ A\ A' are linearly dependent, but 

A^^, AS AS A^ are linearly independent (? < r), there cannot 
be two distinct linear relations between A^, AS AS A\ 

[Elimination of A’ between them would give an equation of 
lower degree.] 

Ex. 5. A + A' is symmetric ; A — A' is alternate. 

Ex. 6. Any substitution can be expressed in one and only one 
way as the sum of a symmetric and an alternate substitution. 

[A = ^(A+A') + i-(A-A0] 

Ex. 7. If A is real, AA'^ 0 unless A = 0. 

[Consider the leading diagonal of ^lA'.] 

Ex. 8. If each of the substitutions A, B, C, ... is permutable 
with each of P, Q, 11, ..., any linear function of A, I>, C, ... is 
permutable with any linear function of 1\ Q, li, .... 

§ 10. Relations between the Powers of a Substitution. 

(I) Suppose that we have a relation 

between the powers of a substitution A.*^* 

Then we have a similar relation between the powers of any 
substitution into which A can be transformed* 

* - A. 
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RELATIONS BETWEEN THE [III 10 
For if S-US = B, 

0 = {PqA''+PiA''~^ + 

= p,S-^A^8+PiS-^A'^-^8+ ...+Pr-^8-U^8+Pr8-^A^8 
= p^B'' + PiB''~^ + ... Apr-iB} + P^B!^, 

by §9. 

(II) Again, wo see at once from § 9 that if 
(/)„«'■ + ...+pr-iX+p^) {q^af + q^x'<-^ + ... +qs-i‘« + qd 

= 600;’'+'* + + ...+e,+^, 

then e^A’^+^ + Ci A''+»-i + ... +e,+,_iAi + e,+,Ao= 0. 

(HI) Yet again, we readily prove that if both 

q>aA’‘+PiA'-^ + ... +p,_^A^ + p,A'>= 0, (i) 

and q„A‘< + qiA‘^~^+ ... Aq^.^A^ +']'s'4® = 0 (ii) 

then b^A^ + h'A^~^ + ... + bi_-^A^ + = 0, 

where + ... + bi is the highest common factor of 

i'^oX' +Piaf~'^ + . . . + p,. and f/yX* + q^x^''^ + • • • + ^^ • 

(IV) It follows at once that if both (i) and (ii) are true, 
but A®, A\ A^, A' are linearly independent when t<r, 
so that (i) is the equation of lowest degree satisfied by A, then 

+ + ... is a multiple of + .■■ +iq.. 

(V) We readily deduce that, if A is a direct product whose 
constituents B, C, ... satisfy equations 

+ 61 + . . . + h/j B" = 0, (•„ C’> + (q C'T'-i + . . . + (7® = 0, . . . 

of lowest degrees ; then the equation of lowest degree satisfied 
by A is 

2^A'' + 2qA'"i + ...+2),.A®= 0, 
where PoX^ + <..+Pr 

is the least common multiple of 

+ . . . + Cf^X'f ■\- ^ + ...+C7, .... 

(VI) We now show that if A is the substitution of Ch. II, 
§ 5, Corollary I, with invariant-factors 

(\ — a)'**, (X-a)"% (X— o()“3 ..., where a^> a:^>a^> .,., 
{X~8f\ [x-Bfi ..., where b^> b^>b.^> ..., 
(^-y)'’b (^-y)'’’ •••. where Cj > cq > Cg > ..., 



81 


III 10] POWERS OF A SUBSTITUTION 
then the equation of lowest degree satisfied by A is 

where 

i>o(A-a)“-(A-/3y''(\-v)«‘... = ... +^>,, 

SO that r = + <"1 + . . . . 

the preceding argument (I) it is sufficient to prove 
that the theorem is true for the canonical substitution ^ of 
Ch. II, § 5, into which A can be transformed. 

Now by (II), if we can prove that 

( F ~ - ... 4 - ( - 1 = 0 , 

where P is 

OCX-ji^ "f* ^ 1)1 ~ \ HL — l ^ 

then = 0, if Q is 

vt'j = (XX^‘\- = (X .^'2 d* iTj 5 . • . j d* ^'/ij 

where n < )/i. 

Hence by (V) it is sufficient to prove that (P — (X)''^= 0 is 
the equation of least degree satisfied by P in order to prove 
the property of A referred to. 

Suppose P satisfies the equation 

60 P' + P^~' d- . . . d- P' + P‘^ = 0. 

Then, using the value of P' given in Ch. I, § 8, we have 
the m distinct equations 

0 = e^ + ae<_i+ a-c,_^+ ... +a'eo 

0= Cj-i + + ... + 

0= e,_2+... + 'C^a'-2eo [ 


We see immediately that these cannot be satisfied by 
non-zero values of when t < m; but that they 

are satisfied by 

e = m, ^0 = 1, 62 = , e ,,, = ( - 

since 

mC^ _ q. + . . . 

= ^(l-'’Cx + ^C',-W3+-) = 0- 

L 


1645 
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Ex. 1, If the characteristic-equation of A is 

+ + ... + a^ = 0, 

then + + ••• ~ 0. 

f This is the ‘ Hamilton-Cayley ’ relation. It follows at once 
from § 10 (II).] 

Ex. 2. The coefficients of the equation of least degree satisfied 
by A are rational functions of the coefficients of A, 

[The equation is found by equating to zero the quotient of the 
characteristic-determinant of A by the least common multiple of 
its first minors.] 

Ex. 3. .».-j-p^_j^x-hp^ —0 has r unequal roots, 

and p^jA^+piA^^^-j- ... 4-jPrA^ = 0, the invariant-factors 
of A are all linear. 

Ex. 4. Prove the result of § 10 (VI) by using the canonical form 
of Ch. II, § 6. 

Ex. 6. If X is a characteristic-root of A, 

is a characteristic-root of 

iJoA^+PiA^'^ + ... -f +PrA^. 

[It is sufficient to prove this for a canonical substitution.] 



CHAPTER IV 


APPLICATIONS 

§ 1 . 

In this chapter we give a few applications of the results 
obtained heretofore.* For further details we must refer the 
reader to the works mentioned in the preface. 

The Solution of Simultaneous Linear Differential Equations 
with Constant Coefficients. 

Suppose we have the equations 

ccj =aiia;i +a,2a;^ -t + +/i(0 

+a22«2 + ... + a27A +A{0 

"t" ••• fm{^) 

where the dots denote differentiation with respect to a variable 
t of which x^, Xj^^ are functions, while the a’s are 
constants independent of t. 

We can choose homogeneous linear functions 

^2) *'*3 ^13 ^2 3 •••3 

such that, when we express x^^ x^^ in terms of 

fi 5 ^23 •••3 equations (i) take the ' canonical ’ form 

+ + =^3 ^3 (ii) 

where = 0 or 1 and is certainly zero if ^ (Ch. I, 

§ 9 .) 

The equations (ii) are at once solved. For instance, suppose 
the first four of them are 

== + + + + “^2(^)3 

4=«^3 + ^4 + P3(03 ^ 4 = 0^^4 + ^4(0- 

Then we have 

* See also Ch. I, § 10, Ex. 11, § 13, Ex. 4, 6; Ch. Ill, § 6, Ex. 7. 
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6 = 

+ ^^i + ^.n+^3|^}> 

4 = e^^\/e-^^F,{t)dt +f/e-'^^F,{t)df^ + K, + K,±\, 
i, = e^H/e-^>F,(t)dt + K,}, 

where are the arbitrary constants of integra- 
tion. When ^ 2 > •••» ^bus expressed in terms of t, 

•*•3 expressed in terms of t. 

In practice, the following method of solving equations (i) is 
usually easier. 

Let (Zj, Zg, ..., Z^^^) be a pole of the substitution A' 

< = «ii®i + «2i*2 + • • • + , (i = 1 , 2, . . . , m) 

corresponding to a characteristic-root X. Multiply equations 
(i) by Zj, Z 2 , Z^^ respectively and add. We get 


i = Ax-f/(^), (iii) 

where x = Z^oj^ + 4- . . . + * 

and f{t) = Zj.Zi(^)4-Z2.Z2(^)-f ... + Z^^.Z^(f). 

This gives x = {/ f{t)dt + Z} (iv) 


If (and therefore ud) has r distinct poles, we get r equations 
such as (iii), enabling us to reduce the system (i) to a system 
of equations in We may then apply the 

same process to this new system. If r = m, the equations (iv) 
give x^.x^y, ..., in terras of ^ directly. 

The system of equations 

+ hAi+--- + hu'^m = iUi^i + «i2»2 + • • • + ai,A +fS) 

(i= 

can be reduced to a system such as (i) by solving algebraically 
for ^1, CC2, ..., or we may obtain an equation such as (iii) 
if we choose A, Zj, Z2, Z^^ to satisfy 

(cq^ — A ^) Z^ 4“ (<^2 i ^ ^^2 1) ^2 4“ . • . 4” ^ ^mi)^ m ~ ^ 

(i = 1,2, m). 

Elimination of Z^, Z2, gives an equation of the 

m-th degree for A ; and when A is obtained, we immediately 

* The quantity x is sometimes called a ^ principal coordinate’ ; see § 10. 
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deduce : . . . : X^^ . Another method of solving equations 

(i) is suggested in Ex. 9 to 12 below. 

Any simultaneous linear differential equations with constant 
coefficients can be put into the form (i). 

Suppose, for instance, we have m such linear equations 
connecting x^, x^, ; 

^15 

In these m equations put for x^^ for x^y ^ ; for 

, . . . , r,,, for x^,y ; for li j , . . . , r,y for ^ 

Solving the equations, we express r^, linearly in 

terms of x^, r,,,. 

The m equations thus found form, together with 

~ ^2 ~ 7^2 J • • * > “ Pm » Pi ~ » p2 ~ ^ 21 • * • > Pm “ > 

a system of the type (i), which can be solved as before to 
give a?!, x^, , x^^^ in terms of t. 

Ex. 1. Solve the equations 

i* = a;— 2 / + 2^ — 2?^, y= -~Sy — 2tVf — 2:c + 2^— 8<3r + 3«i;, 

iv — 2y + w, 

[By Ch. I, § 9, Ex. 3, if 

^=zSx-{-20j 1] — 2x-^y-{-2iS, ^ = + o)—y-\-w, 

we have f-— ^ + ») = —r], f = — (h-co, o)z= —co ; 

.*. Sx + 2^ = 2x-\-y + 2is: Be~^, 

x + z — (C+I)()e' = De"''.] 

Ex. 2. Solve the equations 

X = 3a; + 4y+^, y = — y + i = ’-x—3y + ^, 

[Multiply by a, 6, r, and add ; where (a, h, c) is a pole of the 
substitution with matrix 

3 0-1 

4 -1 -3 , 

1 1 1 

i. e. Sa-'C = >^a, 4a— 3c = A&, a + 6 + c = Ac. 

The only values satisfying these equations are 
A = l, a:6:c= 1: -1:2. 

These give us x—y + 2z = AeK Substitute for x in the original 
equations and we get 

y— —y-\-^f — 42 / 4 - 3 ^- 

Multiply by &, c, and add, where — ?> — 4c = A?>, &-|-3c = Ac. 
These equations give A = l, ^:c = 2:— 1; 

.*. 21/—^ = {BAAt)eK 

This gives y ^ y — (BAAt)P' or y = --(CABt + ^AP)e^j which 
combined with x--yA2z = Ae\ 2y — z = {B-\-At)e^ gives x, y, z,^ 
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Ex. 3. Solve the equations 

x — ^x—y\ + + I tx-{-2x^2y = t ^ 

ij z=z x-^y)' 3/ = oj— + ty-^t x-\-hy=^tA 

Ex. 4. Solve the equations 

x:=zy-\^z\ -dx-8y^2z-\ x-{-20x-lSy + 2iz =z n 

y^z-)rxy ij’=. 8;r+7y— 15:^4“ 6^--16-er = 2^ r > 

k-=ix^y) ;^=~8a;-8^+ z) i-24a;-16^-29^ = 3 J 

X = cy—hz^ 
y = az—cxj- • 
z = hx—cy) 

Ex. 5. Solve the equation 

z 

(4rr— 8i/~5^) ~ 4- (—it;4-2^4-^) ~ = SxSy — iz, 

[This is a linear partial differential equation of Lagrange’s 
type. The auxiliary equations are 

dx __ dy __ dz 

lx--8y-hz --X’\-2y-\-z 3a:-3^-4^ 

_ adx^-hdy cdz 

(4 a — 6 4-3c)a;4-(— 3a4-26 — 3c)^4-(— 5a4-& — 4c);Sf 
Choose a, c so that 

4a— 64-3c = Aa, — 3a4-26— 8c = A&, — 5a4-6 — 4c = Ac, 
i. e. so that (a, h, c) is a pole of the substitution with matrix 

! 4 -1 3 

I -3 2 ~8 . 

1-5 1-4 

These give A = 1 and a:Z>:c=:l:0: — 1, 

or A = — 1 and a:h:c= —1:1:2, 
or A = 2 and a:h:c= — 1:1:1. 

Hence the auxiliary equations may be written 

d(x—z) __ d( — a:4-y4-2;g) ___ d(—x-^y-\‘Z) 

{x~z) -{^xi-y-^2z)~' 2(-x-\-y + z)' 

and the required solution is 

(x-z)(-x-\-y’Y2z) =/{(a;-^)2~{-a;4-^4-^);.] 

Ex. 6. Solve the equations 

+(3^ + 4^)^=2y + 6^, 

-( 3 / + ^)^ + (x + 2y = y + is. 
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Ex. 7. Discuss the solution of 


X- + (i= 1, 2, m\ 

When will the solutions be periodic functions of ^ ? 
Ex. 8. Solve the equations 


= 0) 

= cosn^j 

+ 7^ + 5.3f = 8^— 7^+6^ = = 1. 

Ex. 9. Solve the equations 


x^r^^x = 0) ^ + 2^+2^ = cosnh 

y-'Yiffix^O)^ iy+ iT + Sv = cosnn 


Xl X-^i ... , ^yyi-\ Xyy^ 

rw u 
[We have 


Ki = 6iXi + e2:r2+ ... 


+ ... 




-I > 


which gives and then x^^ x^, ... , x^,^ are obtained by successive 
differentiation.] 

Ex. 10. Use the last example to solve equations (i) of § 1. 

[We suppose fi{t\ / 2 (<), ...,/y/i(0 zero — the method is similar 
in the case where these functions do not vanish. 

Supposing <*12 0, 

we put ^ aii^i + ai 2 ^ 2 +«i 3 ^j+ - = ^ 2 ^ 

thus obtaining 


= ^2, 4 ... +P2m^,»> •••• 

Supposing 

we put +P 22^2 +i?23%+ .•. = ^3> 

and so on^ till we reduce equations (i) to the form 

^1 — ^2? ^2 — ^61 “M ir l~^ry = ^1^1 +^2^2"^ ••• 

The first r of these equations give x^j ^ 2 ? •••> fr terms of t 
as in Ex. 9. Substitute these values in the remaining m — r 
equations and repeat the process. As an alternative method we 
may reduce equations (i) to the sum of sets of equations of the 
type of Ex. 9 by the process of Ch. II, § 6.] 

Ex. 11. Solve in this way 

X = x-^y, y = —x^y^ z = x^^y^z. 

[Put a; + ^ = Y, 

Then i = Y, Y = -2ir-f- 2 Y, z = -xi^2Y^z. 

The first two equations give x—2x-{-2x = 0, whence 


= e^(Aco3^ + JSsin^), x+y=^Y 

= ([ A + .B] cos ^ + [ — A + B] sin 

and then 


= •^x-\- 2 Y = e^([A + 2B]cos ^+[— 2A-f BJsinO 
gives X? = {(?+[A + 2B]sin^— [-2A4-B]cos^}.] 



88 LINEAR DIFFERENTIAL EQUATIONS [IV 1 


Ex. 12. Solve ill this way any of the equations in Ex. 1, 
2, 8, 4. 

Ex. 13. Solve the equations 


X 2 — — A/2 ^2 "t" — “*^’3^3 "f* ^2^2 > •••? 

Xji = 

where Ajj > ^2 > ^3 > ••• > ^ny 

and when ^ = 0, Xi = x^ x.j= ... =^x,^ = 0. 


C^2 — ^‘^’1 ^'2 • • • 1 X 2 






Ex. 14. A substance A decomposes giving off a substance B, 
which decomposes giving off a substance 0, which decomposes 
giving off a substance B, .... Given the time taken by any one 
of the substances to decompose to half its original bulk, find at 
any instant the amount of each substance present ; assuming 
that originally a given quantity of A is alone present, and that 
the rate of decomposition of any substance is proportional to the 
amount of that substance in existence. 

[We obtain equations similar to those of Ex. 13. For numerical 
examples see the Presidential Address of the British Association, 
Portsmouth, 1911.] 

Ex. 15. Equal particles are arranged at equal distances in a row 
and are connected by light springs each at its natural length. 
Find the periods of longitudinal vibrations, and the principal 
coordinates when the two end particles are kept fixed. 

[We have equations of the type 
Jcx-j^ .r 2 2 Xj^ , /cx 2 x^ 2 X2 "b Xj , • • • > 

The solution of these by § 1 involves finding the pole of a sub- 
stitution similar to that discussed in Ch. I, § 6, Ex. 10.] 


§ 2. The Solution of Simultaneous Linear Homogeneous 
Equations. 

Suppose we have m linear homogeneous equations in m 
unknowns aJj; ••• j We can put these equations into 
the form 

(6^11 - A) J\ + (^12^2 + • • • + ' 

^21^1 "b (^22 ^}^ 2 'b ••• ^ 

"b “b • • • "b {fXmin ~ ® > 
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where \ is any constant chosen so that the determinant 
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«u 

“12 

. . . 



«2l 

«22 

. . . 



ml 

^b/12 

• * • ^^mm 

does not vanish. 




Then there 

is no solution of equations (i), 





n 

unless 


1^1 


. . . , 



-A 

aj2 

* * • 





• • * 



^^m2 

• • * m m 

If this relation 

is satisfied, 

a solution of (i) 


*1 : 

x^ : , 

•• : »,« 



.-A 


= 0. 


where (X^, Xg, X^J is a pole of the substitution 

Xf. = ^ in ~ ***> ^)> 

corresponding to the characteristic-root A. 

The number of such poles is given by Ch. II, § 5, Corol- 
lary V ; it depends solely on the invariant-factors of the 
substitution which correspond to the characteristic-root A. 

In particular, if there is more than one value of 

^'1 • ^’2 * • • • • 

satisfying (i), there is an infinite number of values. 


Ex. 1. X— ?j— 2?<; = 0\ 

2a;-h tj + iz— = 0 1 

X + Z— f(; = or 
x + 2y + 6z-{- tv = o] 

[The determinant 

I -1 -1 -2 

2 -A 4 

1 0 -A 

12 5 

is divisible by (A-f- 1)^ and every first minor is divisible by (A+ 1). 

M 


-1 

-1 

-A 


1640 
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Hence the substitution of which this is characteristic-determinant 
has a singly infinite number of poles corresponding to the 
characteristic-root \ = — 1, so that the given equations have 
a doubly infinite number of solutions.] 


Ex. 2. Discuss similarly 

j/ — 5^ = 0| 
3^-h ^ = 0 - ’ 

+ — 4-e = ol 


X— y— z— tv = 0 
3:»-- 4^— 4-e^— ?<; = 0 
^x — ^y — '^z =0 

5a; — 6^ — 6^ — 3«’ = 0 


§ 3. Collineation. 

If two figures are such that each point P of one figure 
corresponds to a single point P' of the other, while conversely 
P' corresponds to the single point P, one figure is said to be 
derived from the other by a collinear, or lyrojective^ or homo- 
graphic transformation (‘collineation’). First take the case 
in which both figures are 

If (cc, 2/, z)^ {x\ y\ z') are the coordinates of P, P' referred 
to any two triangles of reference (one in each figure), we have 
evidently relations of the form 

x' = 

y' = (i) 

z' = l^x-vm^y-\‘n.^z 

If we choose the triangles of reference ABC, A'B'G' so that 
A and A\ B and B\ C and C' are corresponding points in the 
two figures, y' z' ^0 when y = z ^ 0, &c. Hence we have 
obviously = 712 = Zg = ^3 = ^ • When we are 

given the coordinates of another pair of corresponding points 
we can find the ratios Zj : Hence a coll inear trans- 

formation of one plane figure into another is completely 
determined by the correspondence between four points of one 
figure (no three of which are collinear) and four points of 
the other. 

Suppose that in (i) we replace 

.tj by ai^+6,>; + CiC. V by « 2 ^+^ 2 'J+ ^ by as^ + igti + CgC 
and x', y', by the same functions of V > C> aii'i then solve 
for C) thus obtaining 

e = L,$+M,r, + F,C) 

r,'=L,^ + M,r, + N,^. (ii) 
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Then (ii) gives the relation between the coordinates (^, Oj 
ri\ of P and P' referred to new triangles of reference.* 
But if we put X and x' for ^ and f', y and for r] and r]', 
2; and 0' for ( and C (ii)> we get by Ch. I, § 5 , a transform 
of (i). 

Hence a transformation of the fundamental substitution (i) 
defining the collineation is equivalent to a change of the 
triangles of reference. 

Similarly, if the figures are three-dimensional, we can show 
by taking the vertices of the two tetrahedra of reference as 
corresponding points that the collinear transformation is com- 
pletely determined by correspondence between five points of 
one figure (no four being coplanar) and five points of the other. 

It is at once evident that to any number of coplanar points 
in one figure correspond coplanar points of the other. Similarly, 
to collinear points correspond collinear points, to concurrent 
lines correspond concurrent lines, to coaxial planes (through 
the same line) correspond coaxial planes, &c. 

To four coaxial planes correspond four coaxial planes, 
forming a pencil of the same cross-ratio. 

For let u = 0, ?; = 0 be the equations of two planes in 
one figure, and let u' = 0, v' = 0 be the equations of the 
corresponding planes in the other figure. Then to the planes 

u = Aj u = AgV, = A^t’, u = A^v 
in one figure correspond the planes 

v/ — A2?/, = AgV', u' = A4?/ 

in the other. But the cross-ratio of both these pencils of 
planes is (A1-A2) (A3-A4) -r (Aj-Aj (A3-A2). 

It follows at once that the cross-ratios of corresponding 
pencils of lines or ranges of points are identical. 

Suppose now the planes whose collineation is defined by (i) 
to be superposed, and the same triangle of reference taken in 
each plane. Then P will coincide with its corresponding 
point P' if x:y :z := x' :y' : z\ i.e. if P is (Z, F, Z), where 
(Z, F, Z) is any pole of the substitution (i) (Ch. I, § 6). 

The number of such ‘ self-corresponding ' points depends on 
the invariant- factors of the substitution (i), as pointed out in 
Ch. II, § 5 , Corollary V. 

’*• For instance, the equations of the sides of the old triangle of reference 
referred to the new triangle of reference in the figure traced out by P are 

a^x-^-hyy-^-CiZ = 0 , - 0 , a^x-Vh^ij c^z = 0 . 
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Transformation of (i) into a ‘canonical’ substitution, which 
is equivalent to a suitable choice of a new triangle of reference, 
throws the connexion between the coordinates of P and P' 
into one of the three types 

(XX 2/'= ay + 0 '= (xz ; 

aai + y, /= ay, 0 '= l^z\ 

aj'= (XX, 2/'=^y, 0 '= y0.* 

If the collineation is of finite order, so that when we apply 
the collineation n times in succession to any figure we return 
to the original figure, the connexion between the coordinates 
can be put in the form 

x'=0(X, 2/'= /3y, z'=yz, 
where a, /3, y are roots of unity. 

Similarly for three dimensions. 

Ex. 1. A collineation of one straight line into another is com- 
pletely determined when three pairs of corresponding points are 
given. If the lines coincide, there are two self-corresponding 
points. 

[If X, X* are the distances of corresponding points from fixed 
origins on the lines, we have a relation of the form 
•pxx' -I- W + •nix* -f n = 0. 

The ranges traced out by corresponding points are, of course, 
homographic (projective).] 

Ex. 2. Find the self-corresponding points and the vanishing 
points (corresponding to the infinitely distant point on the line), 
when pairs of corresponding points in a collineation of a line into 
itself are at distances from the origin 

(i) 3 and 1, —3 and — ^ and —4, 

(ii) 1 and —3, 2 and —f , —2 and — 

(iii) 0 and --3, 1 and —1, 4 and 5. 

[We have respectively 

xx' —x^— 2 = 0, 2^+1 = 0, — 2a;-|-a;'-f 3 = 0.] 

Ex. 3. If two figures are superposable, one may be derived from 
the other by a collineation. 

Find the self-corresponding points when one figure (in three 
dimensions) is derived from the other by rotation about an axis, 
a screw about an axis, or a translation. 

Show also that two figures each of which is the reflexion of the 
other in a plane may be derived from each other by a collineation. 
and find the self-corresponding points. 

* a, /3, 7 are not necessarily unequal. 
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Ex. 4. If a collineation of space into itself is of order 2, the 
segment joining corresponding points is divided harmonically by 
a fixed point and a fixed plane, or is divided harmonically by Wo 
fixed lines. What are the self-corresponding points in the two 
cases ? 

[The equations defining the collineation may be put into the 
form 

or yf — \v-= — 

Ex. 5. What are the corresponding theorems for the collineation 
of a line or of a plane into itself? 

Ex. 6. In a collineation of a plane into itself pjiirs of correspond - 
ing points have the homogeneous coordinates (1, —1, 2) and 
(0, 1, 4), (0, 0, 1) and (1, 1, --1), (1, 1, 1) and (--1, 3, 3), (0, 1, 0), 
and (1, 0, 2). Find the self-corresponding points. 

[If Vi-) ^i) and {x^y z^) are a pair of corresponding 
points (i = 1, 2, 3, 4), equations (i) give us 

z' {l^x^ + m^y^ + n^z,) = x/ -f 

and seven other independent linear equations to find the eight 
ratios m ^ remembering that we only 

know the ratios x'\y^\z' and Xy^\y^\z^. In the case before us 
equations (i) become x-=-x—y — Zy y'=^x—Zy /= 4a: — 2^4-^ ; 
whose real i)o\e is (1, 6, —6).] 

Ex. 7. In a collineation of a plane into itself the points (1, 0, 0) 
and (0, 0, 1), (0, 1, 0) and (1, 0, 0), (0, 0, 1) and (5, -1, 4), 
(4, —2, 1) and (1, —1, 0) correspond. Find the self-corresponding 
points. 

[We have 2^4-5^, —x-\-iz with poles 

(4, -1, 2) and (3, -1, l).j 

Ex. 8. In a collineation of three-dimensional space into itself 
the points (1, 0, 0, 0)and (1, 0, -2, 0), (0, 1, 0, 0) and (-1, -3, 2, 2), 
(0, 0, 1, 0) and (2, 0, -3, 0), (0, 0, 0, 1) and(~2, -2, 3, 1), 
(1, 1, 1, 1) and (0, —5, 0, 3) correspond. Find the self- correspond- 
ing points. 

We have 

x'^ x—y + 2z — 2tv, y — — 3^— 2?r, /= — 2,r4-2^— 3-e^4- 

w'— 2y-\-iVy 

with poles (X, —2, 1 — X, 2), so that any point on the line 
y-\-iv^2x-\-y-\-2z — 0 is self-corresponding.] 

Ex. 9. In a collineation of a plane into itself the points whose 
Cartesian coordinates are (0, 0) and (0, 0), (0, 1) and (0, 2), (1, 0) 
and (2, 1), (1, 1) and (3, 4) respectively correspond. Find the 
self-corresponding points and the vanishing lines of the plane. 
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[We may take z' and z unity in equations (i), so that a collinea- 
tion of a plane in Cartesian coordinates is given by equations of 
the type l^x + m^y + ^ -\-n^ 

^ lX’{-my-\-n * ^ lx-\-my-\-n 


In this case these equations become 
12x 

y = 


x = 


-x-2y-\-l 
35 ip' 

“‘■^=-^+W + 60 ’ y 


^ x -\- 10 y 
— iT— 2 ^ + 7 ’ 
-21 ^' + 42/ 
— x'-\- 12 ^ 4-60 


Therefore the self-corresponding points are (0, 0), (0, — f), 
( — and the vanishing lines are x-\-2y^l, ir = 12^4-60.] 

Ex. 10. Discuss similarly the case where the corresponding 
pairs are (0, 0) and (0, 0), (1, 1) and (2, —1), (0, 2) and ( — 2, 4), 
(-2, 0) and (2, 2). 




x-^y 

x-U’l-l' 


x-2^ 

x-y-^1-^ 


§ 4. Geometrical Movements. 

Suppose that two real three-dimensional figures correspond 
to one another in a collineation, in such a way that the 
distance between any two points in one figure equals the 
distance between the corresponding points. Then one is said 
to be derived from the other by a ‘ geometrical movement 
Suppose that there exists a real finite self-corresponding 
point 0. It may be taken as the origin of rectangular 
Cartesian coordinates. If P {x^ j/, 0 ), and P' {x\ y\ z') are 
a pair of corresponding points, we have a relation (i) of 
§ 3, which represents a real orthogonal substitution, since 

op 2 = or'\ 

This relation can be transformed (Ch. I, § 15) into 

cosd .ic— sind.2/, y' — sind.x + cosd .j/, 0 '= ±z 
by areal orthogonal substitution, which is equivalent evidently 
to a new choice of rectangular Cartesian axes having 0 as 
origin. 

But this new relation informs us that P is brought to 
coincide with P' by a rotation through an angle 0 about the 
axis of 0 , or by such a rotation followed by a reflexion in 
a plane through 0 perpendicular to this axis. 

Hence : — 

Any geometrical movement leaving a point 0 unmoved is 
a rotation about an axis through 0, or such a rotation followed 
by reflexion in a plane through 0 perpendicular to this axis. 

This result can readily be proved by geometry. 



IV 5] SOLUTION OF A QUARTIC EQUATION 95 


Ex. Any movement whatever is equivalent to a translation 
(without rotation) of one figure followed by a movement leaving 
one point unmoved. 

Deduce that the movements in which there is no fixed finite 
point are a translation, a screw (translation parallel to an axis 
followed by rotation about that axis), and translation followed by 
reflexion in a plane parallel to the direction of translation. 

Find the infinite fixed points in these cases. 

§ 6. Solution of a Quartic Equation.* 

The equation in t 

-f- = 0 

can be solved as follows : — 

The left-hand side of the equation 

+ 6a2 -h a4 

is equivalent to 

26637/0 + 2 (6^2 + 

where x — y — ity z 1. 

Now this last expression can be expressed as the sum of two 
squares (Ch. Ill, § 6), and can therefore be at once factorized, 
provided 

(Iq Cli 662 + 266^^ 

ai 02 — %0 C63 =0, 

a2 + 2c6o^ 663 664 

which is the well-known ‘ reducing cubic ’ of the given 
equation f 

Ex. 1. If 0 is any root of the ‘ reducing cubic ’, prove that 
^*0 + 4 + 6 a2 + 4 663 if + a^) 

= (aof^ + Sa^f-f 662 + 2660 ^^)‘^ 

- (2 < -/a,* - + '/(a7+2a^0F-V4)^ 

= {ao<* + 2(ai+ Vai^—aQa.;^+ao^d)t+...} 

;ao<* + 2(ai — y tti*— ao«2 + «o^^)^+ •••!• 
Ex. 2. Show that, if a, /3, 7, b are the roots of the quartic, and 
^17 ^2y ^3 roots of the reducing cubic, 

ao(a-/3— y-f-6) = 4 — aoaa + cto^^i, &c., 

* See Hoilermann, Zeifschr, Math. Phys.^ xliv (1898), p. 234. 
t See Burnside and Panton’s Theory qf Equations ^ Ch. VI. 
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and hence that 

ao a = + Cl - ^2 - ej), ao /3 = ( - + C2 - e^), 

ci'Qy + =(-»i+^i + e2 + e3), 

where = ai^—aQa^ + aQ^O^^ &c., 

and 2 Cl 63 = 3 aQa^ ^2 ^ *” ^ 0 ^ ^3 • 

Ex. 3. Prove that 12^i = 2 (^y4-a5) — (ya + i36)— (a/34-y^), &c. 
Ex. 4. Solve the equation 12^ + 3 = 0. 

[The reducing cubic is 4^^— 30 — 9 = 0, one of whose roots 
is 0 = f . The given equation becomes 

0 = 1 2 /^ 4 - 3 6^^ = (.r 4-3-^)^— | (^— 2^)^, 

where x ^ y — 2ty z— 1. 

Therefore the given equation is 

+ = 0 .] 

Ex. 6. Solve 6 ^ 3 ^ 12 ^ 24 - 14 ^ + 8 =0, 

4- 12^-5 =0, 

4^^ + 24!53 + 24r— 28^4-3 = 0, 

^4+ 4 ^ ^24 = 0 . 

§ 6. Critical Values of 2 ayXiXj (i, j = 1, 2, ..., m). 

If the determinant of the real quadratic form 

2 aijXiX. {ttij = aji) 

is of rank r, we can find by Ch. Ill, § 2, real independent 
linear functions x^, x^, x,. of Xi^ that 

2 a^jX^Xj = AiXi2 + A^Xg^ 4- . . . + A,.x/, 
where A^, A 25 ..., A^ are the (real) non-zero roots of 


aji-A 

«I2 

. 


• ('im 



cfg^ — A 



• ^'im 


. 




. 

= 0 . 








Now S = AiXi 2 + A2X2‘'^+ ... 4- A^x ,.2 cannot be critical unless 
its first partial derivatives with respect to x^, x^, ..., x,^. all 
vanish ; i. e. unless x^ = X2 = ... = x^ = 0. It will really be 
critical in this case, if and only if A^ Ag, ... , A,, have the same 
sign. For if A^ >0, Ag < 0, ^ is positive when 

Xg = X3 = ... = Xy. = 0, 

and negative when x^ = X3 = ... = x^ = 0. 

Hence ^aijX^Xj has a maximum value if Aj, Ag, ..., A^ are 
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all negative, and a minimum value if A 2 , are all 

positive ; but has no critical (maximum or minimum) value in 
any other case. 

Let be any function of Xj^, such 


that 

1/ = ^ = ...= 

11 

when 

11 

11 

to 

• 5 ^ ni 

Put 

Xi — X^ "b > X^ — ^ 2 d* ^2 ‘ ' 

..., 



Then if 


f (^1 > ^2 j • • • > f (“^1 > ^2 » * • * > ^ m) ^ "i" 

where R contains terms of the 3rd, 4th, ... degrees in 
^ 2 ^ •••> •••> will be critical or not critical 

when = x.^ = ^ 2 > •••> == 

according as the non-zero roots of (i) have or have not all the 
same sign; provided we may assume that ^ (J^ij + R has 
the same sign as for all values of ^i, ^ 2 ^ •••? 

numerically less than a given quantity L 

The assumption is not ahvays justified, as may be seen 
by taking the simple example 

f=3x^^-4Xj^x,^-{‘X.^^, Zi = Z 2 = 0, £2 = 

when 2 a^j = 4^^^ and 2 ay + jR = - 

The following method f is often of practical value : — 

Suppose /(cc, y) is any polynomial in x and y. We can 

find its critical values as follows. Suppose ^ = 0 
when X := a, y 

Then /(a;, y)— /(<x, 6) = 0 is the equation of a curve with 
a real doul3le point at (a, 6). 

If a real branch of the curve goes through (a, 6), then 
f{Xy y)—fict, b) changes sign whenever the point {x, y) crosses 
this branch as it moves in any manner near the fixed point 
[a, 6). Hence f{x^ y) is critical when x = a, y = h, if and 
only if f{x,y)--f{a,b) = 0 has no real branch passing through 
the real double point (a, b). 

To find whether such a real branch exists, transfer the 
origin to (a, b) and use Newton s diagram. 

Similarly we may discuss the critical value of any poly- 
nomial / {x, y, z) in three variables x, y, 2 ;. 

* a,j *: — in general. 

f Bromwich, Quadratic Invariants, § 9 
N 


I (.4') 
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Ex. 1. x^ + Zy^ + iz^ + ‘i!fZ-^2zx-2xy is a minimum when 

= 0 . 

I 1-X -1 1 

ri -1 3~A 1 = -\H8X2-16X4-2; 

I 1 1 4~X 

and the roots of X^~8A^ 4- 16X — 2 = 0, which are certainly real, 

are evidently all positive 

Another method of proof is to express the given quantity in the 
form 2 (y + as in Ch. Ill, § 6. It is then seen 

to be a minimum, as stated above.] 

Ex. 2. Discuss 

+ 5 y- + 2^^ — 2^j? + 4 

.^2 ^ 2^2 ^ 6^2 4. 1 2 ,(;2 4. 2//^ ^2.zx^2xy-2 xiv, 
yz-Y zx-\- xy xw + yio 4 - zu\ 

Ex. 3. Find the critical values of 

/(.T, y) = 3rc‘^4-6a?3^-2^^ 

r 0 when rr = ^ = 0, orir = l,^ = *~l. 
f[x^ y) = /(O, 0) has real branches through (0, 0) ; but 

has an isolated point at (1, -1), as is seen by transferring the 
origin to this point. 

Hence f(x^ //) is not critical when a; = 3/ = 0, but is a minimum 
when a;= 1, ^ = — !•] 

Ex. 4. Find the critical values of 

7/4-14a;^2/4-6a;^ x^^-y^-Zaxy, x[x^ ^^/)-^axy, 

^xJ^^-y^ — hx'^y^ ir^4-/ — 2aJ2^4^^_22/^ 
x'^y'^ 4 - (3a; 4 - 2^), xyz 4- 4- zf 4- (a; 4- 2)2, 

4- 2 -2r2 — 5 4- 4 a:®. 

§ 7. The Classification of Conicoids. 

Suppose 

S = ax^ 4- hif 4- + dw^ 4- ^fyz 4- 2gzx 

•\‘2>hxy + 2lxtu + 2myw + 2nzw = 0 

is the real equation of a conicoid, x, 1 /, 0 , w being homogeneous 
coordinates. 

By a real (orthogonal) change of variables, S may be reduced 
to the form (Ch. Ill, § 2) 

S= X^x^4-X2y^4-X3z2 4.X^w^ 
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where Ao, A3, A4 are the real roots of 
a — A A g I 

h /> — A f m 

g f c-k 71 

I m n d — k 

Geometrically this is equivalent to taking a self-conjugate 
tetrahedron as a new tetrahedron of reference. 

The nature of the conicoid will be determined by a know- 
ledge of the values Ag, A3, A^. 

First suppose nonje of A^, A^, A3, A^ zero; i.e. 

a h g I 

^ - h h f m 

- (j f c n 

I 'in n d 

is not zero (is of rank 4). 

We have then three possibilities : — 

(1) A^, Ag, A3, A4 have all the same sign. Then = 0 is an 
imaginary conicoid; for S (and therefore S) is always one- 
signed for real values of Xy y, Zy w. 

(2) Three of A^, A2, A3, A^ are positive and the fourth is 
negative, or vice versa. 

Then = 0 is a real conicoid with unreal generators ; for 
the generators of S = 0 are 

[Aiix + (-A^)iy] = A:[(-A3)iz + A^iw] ) 

/.• [Aiix-(-A2)iy] = i 

[A,ix |-(-A,)iy] = /c[(-A3)iz-A^iw] ) 
k[X^ix-{-\)h]= [(-^a)^z + ^4^w] J 

(3) Two of Aj, A2, A3, A4 are positive and the other two are 
negative. 

Then /S = 0 is a real conicoid with real generators. 

Next suppose one of Aj, A2, A3, A^ (say Aj is zero ; so that 
A is of rank 3 since the determinant of S is evidently of 
rank 3 (Ch. Ill, § 6). 

Then = 0 is a cone with vertex at x = y = z = 0. The 
cone is imaginary if A^, A2, A3 have the same sign ; and is real 
if two of Aj, A2, A3 are positive and the other negative, or 
vice versa. 

Next suppose two of A^, A2, A3, A^ (say A3 and Aj are zero, 
so that A is of rank 2. 

Then /S = 0 is a pair of planes meeting in the real line 
X = y = 0. The pair is imaginary if A^ and A2 have the same 
sign, and is real if A^ and k^ have opposite signs. 
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Lastly, suppose three of Aj, Xj, A^ are zero, so that A is 
of rank 1. 

Then >S' = 0 is a pair of coincident planes. 

Now let S = 0 be the Cartesian equation obtained by 
putting w =1. 

Let /xj, / 012 , Mg be the real roots of 
a~/x h g 

h f =0 (ii) 

9 f 

The consideration of the nature of the cone 

ax^ + + cz‘^ + 2 fyz + 2 gzx -f 2hxy = 0, 

joining the origin to the intersection of the conicoid with 
the plane at infinity iv = 0, leads at once to the following 
results : — 

First let A ^ 0. 

If a h g 

D= h h f 

0 f c 

the conicoid is an ellipsoid when gg* Ms same 

sign, and a hyperboloid when two of /Xj, /Xg, /Xg have one 
sign and the other has the opposite sign * If /Xg = 0 (D of 
rank 2), the conicoid is an elliptic paraboloid if /x^ and /Xg 
have the same sign,t and is a hyperbolic paraboloid if fx^ and 
fjL^ have opposite signs. 

Next suppose A of rank 3. 

1{ D ^0, the conicoid is a cone, J 

If /X 3 = 0 {D of rank 2), the conicoid is an elliptic cylinder 
when /x^ and /Xg l^^ve the same sign,§ and a hyperbolic cylinder 
when jUi and fXg have opposite signs. 

If pi 2 = Ms = 0 of rank 1), the conicoid is a parabolic 
cylinder. 

Next suppose A of rank 2. 

If jutg = 0 (D of rank 2), the conicoid is a pair of planes. 

If = Mg = 0 {D of rank I), the conicoid is a pair of parallel 
planes. 

* Since ax'^ + hy^-icz^ + 2fyz + 2 gzx+2hxy is reduced to A^iX^ + At 2 y® + A*8«® 
a real orthogonal substitution, the conicoid will bo one of revolution if two of 
Ml) M 2 ) Ms are equal (and a sphere if all three are equal) on the supposition 
that the Cartesian axes of reference are rectangular. 

t A paraboloid of revolution if Mi = M 2 • 

X A right circular cone if two of /ii, Ma? Ms equal. 

§ A right circular cylinder if /ii = M 2 ‘ 



IV 7] THE CLASSIFICATION OF CONICOIDS 101 

It should be noticed that we are only concerned with the 
signs of Aj, Ag, A.j, A 4 . If we reduce S to the form 

A 2 P 4* + A.^C^ 4* A^co^ 

by any real transformation (for instance, by the method of 
Ch. Ill, § 6 ), it will follow from Ch. Ill, § 2 , that the signs 
of Aj, Ag, Ag, A^ are the same as those of A^, Ag, A^. 

Similarly for the reduction of 

ax^ 4- hy^ -f cz^ 4- ^fyz 4- 2 gzx + 2 hxy 
to the sum (or ditference) of squaics. 

Ex. 1 . Find the nature of the conicoid 

[Equation (i) is A^ — 24A2-f 40A— 16 = 0; three of the roots of 
this equjition are positive and one negative, so that the conicoid 
has no real generator. 

Equation (ii) is /x (/x — 1) (/x — 2) = 0 ; one root of this equation is 
zero and the other two positive, so that the conicoid has two 
imaginary generators at infinitj^ 

Hence the conicoid is an elliptic paraboloid. 

Otherwise : write the conicoid as 

(rr~l)2 + (y4-^)^4-4y2-4(^-f-l)2 = 0, 

and the terms of the second degree as a;^4'(y4-^)^.] 

Ex. 2. Discuss similarly 

x^-\-i:y^'-z^-‘2yz — zx-\-4txy-\-2z = 0 , 

+ + — 4-2^ = 0 , 

’-4.x^-\-^y'^-z^-\-^-\-izx-\-ix-12y--2z = 0 , 
x‘^ — ^y‘^ — '^z'^-^Syz-^2zX'\-2x = 0 , 

5 + + — 8y^ + 6ry + 2^ = 0, 

2x’^-\-'‘6y^-{-z' — 2yz-‘^xy^-ix — iy-]r2 = 0 , 

+ — 4xy — 2 x— 4y — 8 = 0 . 

[Hyperbolic cylinder, parabolic cylinder, real plane-pair, hyper- 
bolic paraboloid, elliptic paraboloid, unreal plane-pair, ellipsoid of 
revolution.] 

Ex. 3. Discuss similarly 

z^ -^-^nz -{-^/yz -\-2gzx-{'21ixy = 0, 

^2 ^ ^2 ^ ^ 2gzx -\-2nz 

2yz-\-2zx-\-2xy — 2x—iy — ^z-\-d = 0 . 

Ex. 4. For what value of h is 

x'^-\-hi/ — 2z'^-\-kiv^ — ^yz-\-2zx—ixy-{-2xw—^yw-\-^zx = 0 
(i) a cone, (ii) a conicoid with real generators, (iii) a conicoid with 
unreal generators. 

[A:=l, fc<l, fc>l.] 
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Ex. 5. A real conicoid touching the edges of the tetrahedron of 
reference can be put in the form 

+ hcyz — 2 cazx — 2 abxy — 2 adxw 

— 2hdyw--2cdzw = 0, 

and it has no real generator. 

[Equation (i) has — as the product of its roots.] 

Ex. 6. Discuss 

+ y^y^ 4 - 4 - d^tv’^—2hcyz-‘2cazx'-2ahxy—2adxw 

— 2 hdyw + 2 cdztv = 0, 

mnyz + nlzx 4- Imxy 4- Ipxw 4* fnpyw -f npzw = 0. 

[Cone ; no real generator.] 

Ex. 7. Find the asymptotes and centre of the conic 

x^--Sxyi-2y^-{-Sx—4:y = 0. 

[Applying the method of Ch. HI, § 6, we get 

Hence the asymptotes are — (-2 2 /— 0, and the 

centre is (^— |^4-f) = = 0 ; i.e. the asymptotes are 

(x---y’\-l)(x—2y-\-2) = 0 and the centre is (0, 1).] 

Ex. 8. Find by the method of Ex. 7 the asymptotes and 
centre of 3^^— 5^^— 2^^ 4 9:r— 4^— 12 = 0, 

x'^-‘Xy — 2y'^ + Sx-\-S = 0, 

24iry-f 11^^4- 18:r— lly— 2 = 0, 

5a;2— 4:r^4-8^^— 20ir4-8^— 16 = 0. 

Ex. 9. Find the asymptotic cone and centre of the conicoid 
^r‘'^+^2_^2 4_2^^4.2^i(;— 2a;^4'2^— 6^4-2^4’2 = 0. 
[Applying the method of Ch. Ill, § 6, we get 
x^+y'^'-z^ + 2yz ■^2zx--2xy + 2x—6y ~\-2z-{’2 

= (x-y + z+lY-2{y^zf + 2(y^l)^-^l. 
Hence the asymptotic cone is 

(x-y-\-z + iy-2(y-zY + 2{y-lf = 0, 
and the centre is 

(*-i/ + ^’+l) = (y-^) = («/-l) = 0, i.e. is (-1, 1, 1).] 

Ex. 10. Find by the method of Ex. 9 the asymptotic cone and 
centre of 

7a;2 4-6^^4-5/s;^ — 4^^ — 4ir^— 14a? 4- 12^ ~ 10-2^4-21 = 0, 

a;2 4-^^4-2.efa;— 2a;^ — 4ir4'2^— 1 = 0, 

a?2 4.2i/^4*6.e2— 2^^ 4- 4.2^0; ~2a?^~2a; 4-12/ + 2-2^4- 1 = 0. 
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§ 8. The Tangential Equation of a Conicoid. 

The condition that the conicoid S of § 7 should touch the 
plane \x-\-ixy’\-vz + 'mo — 0^ he. the tangential equation of 
the conicoid, is 2 (X, pi, r, tt) = 0, where 
2 {x, 2/, 2;, w) = Ax^ + By^ -f Cz^ + Dw' 4 - 2 Fyz + 2 Gzx 

4 2Hxy 4 2Lxvj 4 2Myv' 4 2Nzw 
is the quadratic form adjoint to B (Ch. Ill, § 8). 

If the conicoid reduces to a pair of planes, the determinant 
A of § 7 is of rank 1 or 2, and hence 2 (A, pt, r, tt ) vanishes 
identically. 

If the conicoid reduces to a cone, A is of rank 3. Hence 
2 (A, pt, r, tt) is a square, and 2 = 0 represents a pair of 
coincident points. 

This pair is the vertex (A^, F, F, If) of the cone. For since 
the polar plane of any point with respect to a cone passes 
through the vertex of the cone, x := X, y — Y, z — Z, w = W 
is a solution of 

IS _ ^ ^ 

ix 'by bz bvj 

Hence by Ch. Ill, § 8, 

2 (A, pt, 2', tt) = (a X 4 pt F 4 4 tt W)^, 

Ex. 1. The tangential equation of a conic which is a line-pair 
represents the intersection of the pair twice over ; unless the two 
lines coincide, when the tangential equation is an identity. 

Ex. 2. Interpret the results of § 8 and Ex. 1 geometrically. 

[For instance, any plane touching a cone passes through the 
vertex ; so that the equation 2 = 0 cannot represent anything 
but the vertex. But 2 is of the second degree in A, pt, v, tt, and 
therefore 2 = 0 must be the vertex twice over.] 

Ex. 8. If we change the equation of a surface by operating with 
a substitution A on the variables x, y, w, we obtain the new tan- 
gential equation of the surface by operating with A'~^ on A, pt, r, tt. 

§ 9. Relations between Two Conics. 

It was pointed out in Ch. Ill, § 1, that if we transform the 
quadratic form 

2{aij-kbij)XiXj, where = aj^ and = bj^, 
into ’ 

by suitable change of variables, the determinants of the 
original and transformed quadratic forms have the same 
invariant-factors. 
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Take now the case of three variables x^y^z\ and let 
S = ax^ +2gzx + 2hxy, 

>S'= aV + Vy'^ + + ^fy^ + 2g'zx + 2 li'xy. 

If the conics S = 0, >S'= 0 have the relation shown in the 
third column of the appended table, it is possible by a suit- 
able change of variables (i.e. a suitable choice of triangle of 
reference) to transform S into a and S' into a, where or and 
a are given in the second column. 

The invariant-factors of the detenninant of cr—Kcr' given 
in the first column of the table are obvious by inspection, and 
they are the same as those of the determinant of S—kS\ 

Since column 1 gives every possible combination of in- 
variant-factors, and column 3 every possible relation (of the 
kind considered) between the conics when S' is non-degenerate, 
we may conclude conversely that a knowledge of the invariant- 
factors of the determinant of S—kS' gives us the relation 
between the conics. 


Invariant- 

factors, 

Simplified equation^. 

Relation between conics. 

i 1 1 

(T 

No special relation. 

(A-«) 

(\-a) 

(T = OLx^ + 

<r'=a;2+y2^s2 

Conics have double contact. 

(k-OL) 

(\-a) 

(A-a) 

(T ^OLX^ + + 

Conics coincide. 

1 1 

cr = 2(Xxij-\-y^’\- 
cr'= 2xyi-z'^ 

Conics have single contact. 

(X-a)2 

(X-a) 

<T = 2(Xxy-\-y^ + az^ 

(j'^ 2xy-\-z'^ 

Conics have four-point con- 
tact. 

(X-af 

(T = (x(2x0’\‘y^) + 2yz 

2x 0 i-y^ 

Conics have three-point con- 
tact. 


A similar method can be applied to two conicoids.* 
* See also Ch. IX, § 8, Ex. 4. 
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For the sake of completeness a table of the results is given, 
adapted from Bromwich’s Quadratic Invariants, p. 46. 


Invariant- 

factors. 

Simplified equations. 

Relation between conicoids. 

MM 


No special relation. 

(X-a) 

(X-cx) 

(X-/^) 

(X-y) 

(X-a) 

(X-a) 

(X-/j) 

(X-/1) 

(T = 0(x^ + 0Cy^-\- 
0-'— 

Conicoids meet in two 
conics. 

(T = ocx^ -h 13^"^ l^tv- 

fr'= + 

Conicoids liave four geneia- 
tors in common. 

MM 

(T = ax^ + a^^+ag’ + fitv'^ 
o'= + + 

Conicoids have iing-con- 
tact. 

1 M 1 

0- = ax-+aff^+a0^+aw^ 

a'— X^ + ^^ + /‘‘ + 

Conicoids coincide. 

1 

(X-cx)^ 

(X-^) 

(X-y) 

(X-af 

(X-a) 

(X-/i) 

\x-<xf 

(X-/3) 

(X-/3) 

(T = 2(xxy 3-y^ 3- f3i^^ + yw^ 

a'~ 2xy-\-z^-{-tii^ 

Conicoids touch at one 
point. 

(T = 2(xxy 3- y^ 3- ocisf^ + l3iv^ 
(T'=2xy3-^'^ + tv^ 

Conicoids meet in two conics 
which touch. 

(T = 2(Xxy3-y^’{-fSz^3-l3w^ 
a'= 2xy + z^3-tv^ 

Conicoids meet in a conic 
and two generators in- 
tersecting on the conic. 

1 1 1 

bS 

d = 2(xxy-\-y^-{-ocz^3-(Xtv^ 
d'= 2xy-\-z^3-w^ 

Conicoids touch along two 
generators. 

(K-<xY 

(T = 2(xxy3-y^ + 2l3gw-bw^ 
(t'= 2xy3-2zw 

Conicoids meet in a genera- 
tor and a cubic. 


1646 


o 
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Invariant- 

factors. 

Simplified equations. 

Relation between conieoids. 

(X-a)2 

(X-af 

(T = 2o(xy-^y^ + 2o(ztv + w'^ 
(/= 2xy + 2ztv 

Conicoids meet in four gene* 
ratoi s, two of which coin- 
cide. 

1 1 

(T =(x{2xz + y^)-{~2y^ + 

2xz + y^ + tv‘^ 

Conicoids have stationary 
contact at one point. 

'P >' 

1 1 

ij =oc(2xz-\-y^) + 2yz + aw^ 
(T'=2xz-\-y^-\-w- 

Conicoids meet in a conic 
and two generators which 
meet on the conic and 
whose plane touches the 
conic. 

(X-a)^ 

(T=0L(2xtV‘\- 2yz) + -f z^ 

(r'~ 2xw^-2yz 

Conicoids meet in a genera- 
tor and a cubic touching 
the generator. 


Ex 1. S=x^—z^ + 2zx+2y3 ■=(), S'=a:^+3«^ + 2«a;— 2«/^ = 0. 


[The determinant of S—^S' is 

1_X 0 1-A 

0 0 1+A 

l-\ 1+X -l-3\ 


= (X-l)(X + lf. 


X + 1 is a factor of each firat minor ; therefore the invariant-factors 
are X-t-l, X-i-1, X — 1, and the conics have double contact.^ 


Ex. 2. S = y^ + 2yz—z^ + 2xz = 0, S'= y^ + 2xz = 0. 


[The determinant of is 

0 0 

0 1-A 1 

1-A 1 -1 


(A -If. 


A — 1 is not a factor of each first minor. The invariant-factors are 
(\ — 1)^ ; and the conics have three-point contact.] 


Ex. 3. 

+ = 0, S'^ + — = 0. 

S^y'^~4:X^—S^‘^ = 0, S'= y^ + 4:y^-^4:/s;^-{-2x^ = 0. 

S=x^ + y^—z'^ = 0, /S'= 2x'^-^y^ + 2x0 = 0. 

S^x^ + y^^yz—zx = 0 , 8'=x^'hSy^ + z^^4yz~-2zx=0, 

[No contact, double contact, simple contact, four-point contact, 
three-point contact.] 
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Ex. 4. 

+ 2^^ + 3^2 + 5t(;^ + 4:zx—^xy ■\-ixiv — ^ytv-- 2^?(7= 0 ) 

S ^yz—xw = 0, /S'= yZ'^rxw = 0. 

S = — -- i:yz — Szx— ixiv ~2yw —12zw = 0 | 

S' =4a;^ + ^ 5^2 ^ 2 -f iyz + Szx + G + 4 + 2yw + 2^?(;= 0 ) 

S -EiX^-^xy^^y^^^zw = 0, S'^2x^ ^xy-Zy’^ -^-^zto = 0. 

[Ring-contact, four generators in common, contact at one point, 
contact at two points.] 

Ex. 5. The conics S = 0, S'= 0 have a common self-conjugate 
triangle if and only if the invariant-factors of the determinant of 
S— AS' are all linear ; and similarly for conicoids. 


§ 10. Small Oscillations about a Position of Equilibrium. 

Suppose a dynamical system is oscillating about a position 
of equilibrium. 

Let the configuration of the system be known when the 
values of the ‘generalized coordinates’ 
given ; which coordinates vanish when the system is in its 
position of equilibrium. 

Then the kinetic enei'gy T of the system is approximately 
of the form ^b^jX^Xjy and the work U done by the forces 
acting on the system when it is displaced from the position 
of equilibrium to its actual position is approximately of the 
form ^aAiX^X;,'^ 

Now ^h^jX^Xj is essentially positive. 

Hence (Ch. HI, § 6) we can find real linear functions 
^ 1 , ^ 2 . of »i. such that T becomes 

^1^ + 42 + ... + 4 '^ 

while U becomes a quadratic function of •••> 

Now (Ch. Ill, § 2) we can find real linear tunctions 
Xi, X 2 , ..., of •••) Liy, and therefore of x^, x^, ..., 

such that T = + . . . + becomes + £ 2 ^ + . . . + 

while U becomes AjXj'-^ + A 2 X 2 ‘^ 4- ... 4- A„^x„j^ 

By Ch. Ill, § 1, the determinants of the forms 

2A^x^^ — ASx^^ and ^aiyx^Xj — XIih^jX^Xj 
are the same except for a constant multiplier. 

* Soe 'Ronth's Rigid 'Difuamics^ i, Oh. IX, a^j = Dots denote 

differentiation with respect to the time t. 
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Hence Xj, Agi •••) roots of the equation 




-A6„ 

f(j2~X&i2 

• • • Olm 

-^Ka : 


«21 

— X6^i 

X ^2 > 

• * * 

-^Kn 1 


. 


. 


1=0. 




m2 

• • * 

. . I 

Now applying 

Lagrange’s 

equations 





d.iT. 

_^U 





diyhkJ 

~ i>Xi 


to 2 

^ = X 

1 ^^2 


U = AjXj* + A, 

2 X 2 “+ ... +X„^x^ 

we get 



— 1,2, . , , , TTi/j ; 

whence 

Xj =^.C 0 S (v' — A 

if X^ is negative, 

or 


X; = I 

l,.cosh(Aii+ai), if Ai is 

positive. 

where 

and a- 

are constants. 



Hence the system, when slightly displaced in any way from 
the position of e(]uilibriuin, will oscillate about that position 
with a motion compounded of simple harmonic motions of 
periods 

2ir/'^-Ai, .... 2-n / 

if and only if Aj, A^, A,„ are all negative; i. e. if U is 

a maximum in the position of equilibrium (§ 6). 

If one or more of the quantities Xg, X,,,^ is positive, 
the position of equilibrium is unstable. 

Quantities such as Xj,x^, satisfying a relation of 

the form x^- = X^x^- arc called ‘ principal coordinates ’ of the 
motion near the position of equilibrium. They may be more 
easily obtained in practice by applying Lagrange’s equations 

fo T ~ and U = ^a^jX^Xj, 

We thus get m equations 

which may be solved as in § 1. 

Ex. A uniform rod of length 2 a hangs from a fixed point by 
an inelastic thread of length f a fastened to one end of the rod. 
Find the periods of small oscillation in a vertical plane about the 
vertical position of equilibrium. 

[Let m be the mass of the rod, 0 and (f) the angles which the 
thread and rod make with the vertical. 
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Then T = ma? [ 2 % ^ # cos (0 -</>) + § (^*], 

U = COS 0 + cos<#) — f) ; 

or approximately, since 6 and (/> are small, 

Hence the periods are 27r/v/-A^ and 27r/V'-A2, where A^ and 
Ag are the roots of 

_|L" i=0,i-e-(2.A + l%)(2»A+j) = 0.] 

Other examples will be found in text-books on Mechanics. 


§ 11. Thomson’s and Bertrand’s Theorems. 
If, as in § 10, 

2 zz j = 1, 2. m) 

is the kinetic energy of a moving system, 



K • 

• • ki. 

^21 

^22 * 

■ • b,U 

4 , 

^^/,2 * 

• hk 


For otherwise T would vanish when 

~ = ••• = ^tn == 

but not all of ^6^, cCg? •••) ^ j which is impossible from 

the dynamical meaning of T. 

We can therefore, by Ch. Ill, § 4, express T as the sum 
+ 2^2 ^ quadratic function in j 4 ^ quad- 
ratic function in x^,^, where 

it = bt^x^ + h,.,x^+ ... + {t = 1,2,..., k). 

Neither nor can be < 0 for non-zero values of the 
variables concerned by the dynamical meaning of T, 

Suppose now the system was started from rest by impulses. 
We may choose our generalized coordinates so that the 
velocities of the points at which the impulses are applied are 
given by the values of %+ 2 ) •••» while the values 

of x^i x^ or of fi, initial velocities 

of other points of the system. 

Applying Lagrange^s impulse-equations to T when T is 
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expressed in the form we get in the actual initial 

motion 

^^ = 4 =, .. = 4 = 0, RO that T,= 0. 

Suppose the system had been started in any other manner 
so that the points of application had the same initial velocities. 
Then would have the same value as before, hut is > 0. 

Hence we have Thomson's Theorem : — 

‘ If a system is started from rest by impulses, the initial 
kinetic energy is less in the actual motion than in any 
possible motion in which the points of application of the 
impulses have the same velocities.’ * 

Similarly we have BertramVs Theorem : — 

‘If a system is acted on by impulses, then the kinetic 
energy of the system in the actual subsequent motion is 
initially greater than if the system had been subjected to 
additional smooth constraints and acted on by the same 
impulses.’ 

We may suppose that the generalized coordinates were 
so chosen that ^/c+ 2 > •••) which can vary in the 

actual motion, must be constants when the additional smooth 
constraints are added. Putting T in the form l\-\-T^ as 
before, we see that Lagrange’s impulse-equations give the 
same values of 4) •••5 4 therefore of T-^ whether 

the additional smooth constraints are added or not. But T^ 
is zero when the constraints act, and is greater than zero 
(in general) in the actual motion. 


Ex. A uniform rod AB of length 2a and mass ni rests on a smooth 
horizontal table. If it is struck by a blow of magnitude P at A 
perpendicular to its length, about what point will the rod begin 
to turn ? 

[(i) Suppose A begins to move with velocity v and the rod 
to turn with angvdar velocity a>. Its kinetic energy is 

1 .. .J 

which is a minimum, taking v fixed, when co = 3r/4a. This is 
therefore the relation between co and v in the actual initial motion ; 
so that the rod begins to turn about a point dividing AB in the 
ratio 2:1. 


* It is sufficient to prescribe the component-velocity of each point of 
application in the direction of the corresponding impulse. 
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(ii) Suppose the rod pivoted at a point C distant a + x from A. 

Taking moments about C we have P (a + x) = ~ (a'^ 3x^)0), so that 

o 

the kinetic energy of the rod is 


|(a2 + 3a;'=)a)2 = 


S]^{a+xf_ 

2ni(a^-^Sx-^) 


This is a maximum, taking P fixed, when x = ; so that the 

rod begins to turn about a point distant a + ^ a from as found 

in (i).] 


Other examples will be found in text-books on Mechanics. 



CHAPTER V 


SUBSTITUTIONS PERMUTABLE WITH A GIVEN 
SUBSTITUTION 

§ 1 - 

Given a substitution A, we shall find all substitutions 
permutable with A. They are infinite in number. 

]f B is any substitution permutable with so that 
AB = BA, then S-^AS.S-U^S = S~^BS.S-^AS, or S'^BS 
is permutable with It suffices therefore to find the 

substitutions permutable with any substitution iV^into which 
A may be transformed. The substitutions permutable with iV 
will be transformed into the substitutions permutable with 
A by the substitution transforming iVinto A. 

We shall take for K the canonical substitution into which 
any substitution may be transformed (Ch. I, § 9). 

It is x{ = {I = 1, 2, m), 

where = 1 or 0, and is certainly 0 it* A . A.^^ = 0). 


§ 2. Substitutions permutable with a Canonical 
Substitution. 

LetC 

Xt — ^ii^i d” ^ /2^2 T • • • T I ) ^5 • • • j 

be any substitution permutable with N, 

E(\uating the elements in the i-th row and ^’-th column of 
the matrices of ON and iV(7, we have 


^ ij "b T ^{ + lj (^) 

or writing out in full for i = 1, 2, , m 


: : : N 


(ii) 


Suppose now, for example, 

Aj = A2 = A3 = A^ , = /33 = 1 , ^4 = 0 ; but Aj A , A^ , . . , , 
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Taking j = 5 , 6 , 7 , ... the equations (ii) give 


whence 



1 ^’10(^1 ~^c) ^ ^20. 

^25(^1 ^5) ^35 1 

“'^c) “ ^‘25^^5"‘^36 

~^4r> 

~ ^35/^5 — ^40 



= ^25 = ^35 = '’ 4 -. = ^10 = '‘20 = = '40 “ ^ 


Hence if N is expressed as the direct product of con- 
stituents iV.,, iYj, ... whose characteristic-determinants 

are {y~^Y^ - V’ ^vhere no two of o, 3 , y, ... 

are equal, then any substitution permutable with is the 
direct product of a substitution on the variables aftected by 
a substitution on the variables atlected b}^ a substitu- 
tion on the variables affected by . 

Of course, is in general itself tlie direct product ol 
substitution of the type 

a;/ = ..., = 

but each of the constituents of has only a as characteristic- 
root ; and so for X^, .... 

If = Ay, we have from (i) 


Hence 




ftj-\ 0* + i 


O' ;-i = ' 

\*+i 

^ when 13 1 = 

1, 

ft,-. = 


when f3i = 

^ 0, 

fti-1 — 

Cf+i; 

when 13 1 — 

1 . 

ft,-. = 

Consider, for instance, tho case 

Vl 

= 8, 

— X,^ — ... — Ag 

— 

a, /i| = ti-i - 


= ft.= 




ft. 

so that X lias the matrix f 




(X 

1 0 0 0 

0 

0 0 , 


0 

X \ 0 0 

0 

0 0 ' 

1 


0 

0 X li 0 

0 

0 0 ! 


0 

0 0 V 1 

0 

0 0 


0 

0 

0 

0 

0 

0 0 


0 

0000 

X 

1 0 


0 

0 0 0 0 

0 

a 1 


0 

0000 

0 

0 


(hi) 


:: 0 , 

1 , 


.(iv) 


^ In these equations 0 ^ ~ i 

t The zeros are put in small type to omphasi/e the non-zero element 
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0 when i = 5, 8. 
0 when^* = 1, 6. 


= 1 when i = 1, 2, 3, 4, 6, 7 ; /S; 

= 1 when j = 2, 3, 4, 5, 7, 8 ; /3 
Hence from (iii) 

~ ^22 ~ ^;i3~ ^44 ~ ^65’ ^12 ~ ^23 “ ^34 “ ^4."»5 ^33 ~ ^24 ^35 J 

^14 “ ^26 * 

~ ^ 21 “ ^ 32 “ ^43 ~ ^54 ’ ^ ~ ^31 ” ^42 ~ ^ 5 i ' ^ ^41 ^^>2 ’ 

0 =^ 51 * 


0 — 0 — 


„ Co 


27 “ ^38 5 ' 17 


Cl .7 — 


^ r,H ' ^ ~ ^40 ~ ^57 ’ ^ ■“ ^’00 • 


^ = ^2G “ ^37 — ^48J ^ ~ ^30 ~ ^J7 
^*C3 ^ ^'74 ~ ^’8 >’ ^'g 4 ~ ^75* 

0 = i\,o ~ ^73 “ ^*81’ ^ “ ^61 ~ ^*72 “ ^83 5 ~ ^71 ~ ^82 > ^ ^ ^81 * 

Hence the matrix of any substitution permutable with N is 


of the type 


h 

a, 

o 

o 

o 


r d e f <1 

h C d o 

a (> c o 

o a ho 

0 o (I o 

1 in n /> 

o I m o 

00/0 


/ fJ 

° / 


.(V) 


The reader will notice the diagonal arrangement of equal 
elements in the matrix, and the positions of the zeros. 

As another illustration, take iV with the matrix 


.(vi) 


OL 

1 

0 

0 

0 

0 

0 

0 

0 

cx 

1 

0 

0 

0 

0 

0 

0 

0 

OC 

0 

0 

0 

0 

0 

0 

0 

0 

OC 

1 

0 

0 

0 

0 

0 

0 

0 

a 

1 

0 

0 

0 

0 

0 

0 

0 

a 

0 

0 

0 

0 

0 

0 

0 

0 

OC 

1 

0 

0 

0 

0 

0 

0 

0 

OC 


The general substitution permutable with N has the matrix 


h 

a 

0 

J 

1 

o 

r 


d e f g h 

ode o g 

0 o (Z o o 

1 m n p q 

o I m o p 

o o Z o o 

o t n V V' 

o o i o c 


■ (vii) 


O O 
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We see that, if iY has a pair of constituent substitutions of 
the types 

+ X,! = (xxJ 

..., X = OCXg_^+ x^ — (XX^) 

then the matrix of the general substitution permutable with N 
has corresponding square arrays of the form 


I "1 

^^2 

"3 • 



1 0 

"1 


• • "3-1 


0 

0 

0 

• • «t 

> 

. 0 

1 • 

0 

0 

0 


0 

0 

0 

; 

1 


1 “ 

1 0 . . . 

0 

/>, h.. 

!>.... 

K 

' 0 . . . 

0 

0 />, 

K . . . 

1,^ 

0 . . . 

0 

0 0 

0 . . . 


each with s arbiti*ary 

coefficients. 




It very readily follows that the substitution A of Ch. II, 
§ 5, Corollary I, with invariant-factors 

(A — (A — (A — , where ii^>a,> a.^> 

(A — /3)^S (A~/ 3y^^ where > k, > 

(A - y)^>, (A— y)"’s (A — y)''--, where > r., > 


is permutable with a ^-ply infinite number of substitutions 
where 

h — (rtj -f- ct2 H” ^^3 + ^^4 "H . . .) + 2 {cc^ 4" 4" 3 -f- , , 

■b (^1 + ^2 "i" ^3 ^4 "b • • 2 (^2 + 2 ^3 + 3 4- ... ) 

4- 

or 

h = ((q 4* 3^/0 4- 4 - ^ 4" . . .) 4* ij\ 4- 3 63 ^ ^^3 "i" 7^ ^^4 “f . . .) 4 * . . . . 
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Ex. 1. Any substitution permutable with 

is of the type given in Ch. I, § 2, Ex. 8 ; and any two such 
substitutions are themselves permutable. 

Ex. 2. The substitutions permutable with 
Xi=x.^, x./=Xj, x„'= eiX^ + 6.^X2+ ... 

are m-ply infinite in number. 

Ex. 3. If every substitution permutable with A is of the form 
+ 4 -P 2 A“ 4 -i 5 >A'’ + , a single invariant-factor of A 

corresponds to each distinct characteristic-root of A ; and con- 
versely.* 

[It is sullicieiit to prove the theorem when A is in canonical 
form.] 

Ex. 4 The only substitutions on x^, x.,, x^^^ permutable 

with every permutation on Xi^ x^^ ... , are those of the form 
x'=z fixi+ ... -h (t = 1, 2, ..., m), 

Cit.1 is permutable with the ‘ transposition ’ 

^12 “^^ 21 ? ^11 5 •••' ^^31 “^32? ^4l“^^42> 

Hence, since A is permutable with every tiansposition, the result 
follows.] 

Ex. 5. If A has a single invariant-factor, there are exactly 
q substitutions B such that =A, 

[It is sufficient to take A in canonical form C 

Xi 0( cTj -j- 2 > 1 ^ ^ y/t - 1 "b m > ni ~ ^ '^'nt • 

Now if 1)^ = 0, D is permutable with C and therefore takes the 
form 

./•/ = ax^ -f 6^2 + cx^ -b ill 4 -f- . . . , x.^' = (/a '2 -b l)x. -f cx^ -f . . . , 

.... 

The g-th power of this substitution is given in Ch. I, § 3, Ex. 13. 
Identifying it with C, we have 

~ a, ga'^~^6 = l, ..., 

which gives g values for a, and, when a is chosen, unique values 
for h, c, d, .... 

It follows from Ch. I, § 8, Ex. 13, that 1)^ — 0, if I) is any one 
of the g substitutions 

.r,' = a.’' .1\ + A’l ol’' ' ' .r^ + a'* - ^3 + . . . , 

= a’' x.^ + A’l ' X., + k.,cx>^ -x.^+ ..., ..., xj = 01 '' a;,„, , 
where A, = A(A— ])...(/i — r+ l)- 7 ->’!, and kq = \'\ 


* This result is due to Cecioin ; Atii Utah Atcad. dti Lintei xviii (1909), 

p. 660. 
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Ex. 6. Discuss the case in which A has more than one distinct 
characteristic-root, but only a single invariant-factor corresponding 
to each characteristic-root. 

Ex. 7, If A has more than one invariant-factor corresponding 
to a given characteristic-root, the number of substitutions B such 
that = A is infinite. 

Ex, 8. Find the value of k if A;-ply infinite substitutions are 
permutable with A, where A is the substitution of Ch. I, § 6, 
Ex. 6 , 7 ; § 9, Ex. 1, 3, 4, 5, 6 . 

Ex. 9. Find the substitutions on permutable 

with x.,,x,), 

fThe matrix of such a substitution is symmetrical about its 
centre. Hence their number is Inf-^-ply infinite when m is even, 
and l)-ply infinite when m is odd. 

Verify that this agrees with the result at the end of § 2.] 

Ex. 10. Find the substitutions on rr, , x,, .. , x,,, permutable 
with (x,,x,, 

[Any cyclant substitution of type I ; see Ch. I, § 2, Ex. 7. 
Hence their number is wi-ply infinite. 

Verify that this agrees with the result at the end of § 2*3 

Ex. 11. Find the substitutions permutable with {ax-- hx -h ay), 

where b ^ 0, 

[Any substitution of the same type.3 

Ex. 12. Show that the determinant (vii) of § 2 factorizes into 

a d 

± . ^ Xr-, 

and that a similar process applies in general. 

[Cf. Ch. VI, § 4, Corollary II.] 

Ex. 13. If the substitution A of § 2 can be transformed into 
a given substitution B, it can be so transformed by a /c-ply infinite 
number of substitutions. 

§ 3. Substitutions permutable with every Substitution 
permutable with a given Substitution. 

We shall now find the substitutions permutable with every 
substitution permutable with the given substitution A at the 
end of the last section, and show that they are /o-ply infinite 
in number, where 

4^ = (/j^ -p -f ...» 

As in § 1 it will suffice to take A in canonical form X. 

Suppose, for example, that N has the matrix (vi) of § 2. 
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One substitution perinutable with iV has the matrix 

a 1 oooooo 
ioalooooo 
,o o(Xooooo 

\ o O O ft I O O O 

o ooopioo 
'o o o o o fi o o 
lO oooooyl 
o o oooooyl 

and therefore all the required substitutions, being permutable 
with the substitution with matrix (viii), have a matrix of the 
typo obtained from (vii) by putting d, (j, It, i,j, Ic, q, r, 

s, t, u all zero. 

Moreover, since the substitution now obtained has to be 
permutable with the substitution with the matrix obtained 
from (vii) by putting d, 6,/, g, h, p, q all unity, and i,j, k, r, .s, 

t, XI all zero, we readily prove that in the required matrix 
(t = Z = r, b = xn = XV, o = n ; so that a substitution per- 
mutable with every substitution with matrix of the type (vii) 
is of the type a h c o o o o o \ 

oahoooool 
00 (t 00000 

O O O (I b (‘ o o 

o o o o ct o o 

0 0000 ( 1-00 
o O O O O O 

|o oooooo 

The reader will notice the diagonal arrangement of the 
e(j[ual elements. 

Conversely, it is at once verified that every substitution 
with matrix of the type (ix) is permutable with every sub- 
stitution of the type (vii). 

The method used is general and establishes the result stated 
at the beginning of the section. 

As another example, every substitution permutable with 
all substitutions with matrix of the type (v) has a matrix of 
the type ^ a h r d e o o o 

o (I b C d o o o 

oodbcooo 
ooodbooo 
o o o o (t o o o 

o o o o o d b i‘ \ 

ooooooab\ 

0 oooooo ((I 




CHAPTER VI 


SYMMETRIC, ALTERNATE, AND HERMITIAN 
SUBSTITUTIONS. 

§ 1. Expression of a Symmetric Substitution in the 
form BB'. 

We showed in Ch. I, § 10, that, if ^ is a symmetric sub- 
stitution and B is any substitution, B' AB is symmetric. 

In particularj taking A as the unit substitution E, we have 
B'B (and BB') symmetric. 

Conversely, given any symmetric substitution A we can 
find B so that A = BB\ 

For suppose that 2 a^^x^Xj when expressed as the sum of m 
squares, as in Ch. Ill, § 6, takes the form 

+ • • • + -i- + ^ 22^2 + . . . + + • • • 

Then B is the substitution 

For if we operate with this substitution on 
we get ILaijX^X’. 

But the result of operating in this way is, by Ch. Ill, § 1, 
the quadratic form corresponding to the substitution BEB' 
or BB\ 

Similarly, if A is a positive Hermitian substitution, we can 
find B so that A = BB\ 

If 2 a^jX^Xj is not positive, but can be transformed into the 
type (Ch. III, §2) 

we can find B so that A = BMB', where M is the multipli- 
cation 
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Ex. 1. Find B so that BB'=A^ where A is 
[x — y-\-z, — x — 2y-\-z). 

{x^ + z’^—4ryz-\-2zx—2xy^ (x—y + zY + {\y + ?>)^ + 

A — BB\ where B "{.r—y-\-z, iy + i^, z), 
as is immediately verified.] 

Ex. 2 . Find B so that BB'—A, where A is 

{x-y, -x + ^:>y\ (x-\-y-\-^z, x-{-2z, bx-\-2y\ 

{x + y-]riv^ x—Zy —y—2Wy x — 2z-\-2w). 

Ex. 3. Show that if A and C are two given symmetric sub- 
stitutions, we can find a substitution B so that A — BCB\ 

[If A = PP' and C = QQ', B = BQ b] 

Ex. 4. If A is (x-\-yy x-\-\0y) and C is (4.r — 2^, — 2;r-f5?/), 
find B so that A = BOB', 

Ex. 5. The product of two Hermitiaii substitutions, one of 
which is positive, is transformable into a multiplication. 

[if^ and B are Hermitian, and B is positive, we can choose Q 
so that QBQ'= E, 

Then is transformable into ABQ':=^ Q' ^AQ~\ which is 
Hermitian and therefore transformable into a multiplication.] 

Ex. 6. The product of two real symmetric substitutions, one of 
which is positive, is transformable into a multiplication. 

Ex. 7. Find B so that BMB\ where 

A = (x^j .^ 3 , x^y iTi) and M = [x^y .r 2 , —x., —x^. 

[.^ 3 .7*4 4- x.2^ .7*j 4- x^J\2 4- x^ .7*1 = 4- \ x^ (.7j 4- . 7 * 4 ) 

+ + 4 ^ 3 ) (‘^ 1 ^ + \ '^‘ 3 ) (^2 ■“ 4 ^ 3 ) (*^’ 2 ■“ i ” ('^’1 h ^ 4 ) C^i ■“ \ •^4)‘ 

Hence B^(x^ + lxj^y ^2 + 1^3^ ^i”- 2 ^ 4 )*] 

§ 2, A Condition that N should be Transformable 
into A, where AK is Symmetric. 

Suppose P~^NP=iA and PKP':=C\ Tlten, if AK /s 
i^ymmetric, so Is NO ; and, conversely, if XC is symmetric , 
so is AK, 

We adopt the usual notation, so that A is the substitution 

and so for P, X, C, K. 

Then by Ch. I, § 2, c-y = 

Suppose AK symmetric, so that for all values of a and t 

/‘*(7if^l^4-/i^(r2^'2^ + ... ~ + ••• in(T* 
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Also, since NF = FAy we have for all values of i and t 

Then 

^ ^1*2^2/ d" • • • "I" 

= ^J^aiKriPiFhj’^PiFhj-^ -^PTm^mj) 

= + (^r2 p2j + . . . 4" Pmj) 

— ^ P(Ti (Pl/ ^11 + ^^’<72^21 + + ••• 

4" l^ntj 2 m 4" • • • >nm)} 

~ ^ P(Ti {P\J 4- /^']2^2(7 4- ... 4- ^^iiii^f'iiKr) 4- . . . 

4" Pmj i^ml^ha 4" iu2^^'2(x 4" ... 4* ^niiiL^ma) j 

= ^ Pai {<^\a{P\iK\-^ P'ljKx 4- ••• 4- . . . 

4” nt a 4- P'lj^^ 'im 4* ... 4" "Pmj^mm) ) 

= ^ UcTi {2^(7 {pijf^u 4-7>2//'21 4- ... 4'/>,„;/‘\;n)4- ... 

4" Pmcx iplj^^ltn 4" P'lj^'lm' 4" ‘ . 4" Pmj^ mvt) 1 

= 4- ... 

SO that NC is symmetric. 

Conversely, if NO is symmetric, we have for all values 
of i and j 

^il j 4“ ^^i2^‘2j 4" ... 4” j 4" ^ jF^2i 4* ... 4" C , 

whence, by the above reasoning, for all values of a- and t 

P<JiPtj {(^'Vl<^l^4■Av2''^2/4-...4-/^^^;,/^,,/) 

(T ^ C ' 

(^‘ /l^^KT 4" 4" ... m^^ m<j)} 

The reader will readily prove that the determinant of these 
linear equations in the quantities 

4 ^^(X2^2t 4 ... 4 4 J^f2^'2(T 4 ... 4 PfnP^ma) 

is the 2m-th power of the determinant of P, and is therefore 
not zero. Hence each of the quantities is zero ; or AK is 
symmetric. 


§ 3. Applications of this Condition. 

As a first illustration of § 1 suppose that K is the unit 
substitution E, and that P is orthogonal. 

Then C = PP'= E ; so that iV is symmetric if A is. Hence 
the transform of a symmetric substitution by an orthogonal 
substitution is symmetric, as proved in Ch. I, § 10. 

Q 
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As another illustration of the case in which K = Ey con- 
sider the problem : — 

To find a symmetrio suhdiintion with yiven invariant- 
factors. 

It will suffice to find a symmetric substitution with a single 
invariant- factor (X-a)^ For if we find such a symmetric 
substitution for each of the given invariant-factors, their direct 
product will be the substitution required by Ch. II, § 4. 

Now if N and C arc respectively 

> •••? 

then NG is 


X' = ax, 


-1 + ! 


aX.^+X^y X,'= aX^-\-Xyy 


which is symmetric. 

Find by § 1 a substitution P such that G = PP\ Then 
p-i j^rp required symmetric substitution with the ^single 

invariant-factor (\ — a)*’. 


Now, taking the general case in which K is not necessarily 
Ey consider the problem : — 

To express a yiven suhstitution A (fs ilte prodiict of two 
symmetric substitutions.^ 

Take N as the canonical substitution into which A may be 
transformed (Ch. I, § 9), namely the direct product of sub- 
stitutions of the type 

xf =z ax^+X2, ax^._-^'^x^y x/=ax^.. 

Let C be the direct product of substitutions such as 

./q Z=. Xyy ...y X - 1 ^ ‘^‘2’ ' 

As shown above, NG is symmetric ; and therefore AK = L 
is symmetric, where PKP'= G, But since G is symmetric, 
]{-'^ = P'G^^P is symmetric (Ch. I, § 10) ; and A =z L ,K~^ 
is thus expressed as the product of two symmetric substitutions 
L and 

Consider now the problem : — 

To find every possible manner of expressing a given sub- 
stitution A as the product of hvo symmetric substitutions. 

Suppose the two factors of the product are the symmetric 
substitutions L and "b so that AK = X. We want to find 
every possible way of choosing K ; for when A and K are 
given, so is X. 

* That A can be so expressed was proved by Frobenius, Berliner Sitsungs- 
herichtey 1910, p. 3 
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It is sufficient to solve the problem for any substitution X 
into which A can be transformed. For let A = where 

P and A^are supposed given ; and let G be any symmetric sub- 
stitution such that XG is symmetric. Then K = P~^GP'^^ 
is a possible value of A", and each such value of G gives a single 
value of AT. 

We may take X in canonical form, and must now solve the 
problem : — 

To find every ^ynDiietric bnhstitntion G biwlt that XC is 
symmetric, X being a canonical subbtitntion. 

The solution is given in § 4. 


Ex. 1. Find a symmetric substitution with invariant-factor 
-f x/ = ( ‘ Therefore the sub- 


stitution C= Ji) is PP', whei'e 


p={ 


Xi+Xj 

V2 


X.,, 


tx I tX j \ 

■ n/ 2 


And X^{ax^-\-X 2 , (XXy^-x-^, olx-^ is transformed by P into the 
required symmetric substitution 


(a.r, + 


Xo 

72^ 


72 + + 


ix. 

tI’ 


ix^ 

/2 


+ arj).] 


Ex. 2. Find symmetric substitutions with invariant-factors 
(A— and (A — cx)b 

[The matrices of the required substitutions are 

I a 


and 


1 

'2 

a + ^ 


( 


-2-^ 

(X — -} 


I i 


The reader will find no difficulty in extending the method to 
the case of an invariant-factor (A — a)^' of any index r.] 


Ex. 3 If P~^NP A, where A and X are symmetric, and 
C=:PP\ then NC=CX 

[By § 2 NG=^ iXCy= G'N'^^CX’} 

Ex. 4. Express (3x’+^— 2.s^, 2x + 3^— 3^’, as the 

product of two symmetric substitutions. 

[PAP~^= iV if z) 

and P = (a’, 2a;-f^ + 2.^, 

so that P'^ = {x, + 
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Hence, if 0 = (^, y, x)^ 

K~^ = P'C-^P is (2^ + ^, 2:r + 9^ + 6-e^, ir + 6^+4^) 

and if = (2?/~S^, 2ic-f 2^, —3^— 2^ + 4^). 

Then AK^L is ( — 8^+3^, -s', *^x—y) and A is the product 

of the two symmetric substitutions L and 

Ex, 5. Express as the product of two symmetric substitutions 
the substitutions of Cli. I, § 9, Ex. 1, 3, 4, 5. 

Ex. 6. Any substitution can be transformed into the transposed 
substitution by means of a symmetric substitution. If this can 
be done by a i-ply infinite number of symmetric substitutions, 
find h 

[If AK and K are symmetric, K~^AK = A'.] 

§ 4. Transformation of a Symmetric into a Canonical 
Substitution. 

Take iV of § 2 as the canonical substitution of Ch. V, § 1, 

~ + l (^ = 1) •••> 

where = 1 or 0, and is certainly 0 if 

^ + l = I'^ni = ^)- 

Suppose NC and G are symmetric. Then 

t'/iAf + c. + {l,j = 1. 2, .... m); 

since G is symmetric. 

Just as in Ch. V, § 2, this gives 

c-j = 0 when A^^t A;, 

and when A^- = Ay, 

/Vi = 1. = 1' 

= 0 when = 0, ;3^_i = 1 • (i) 

(’i-,; = 0 when = 1, = 0, 

We have also = cj^.* 

These equations (i) may be handled in the same way as 
equations (iii) of Ch. V, § 2. 


* This was not the case in Ch. V, § 2 . 
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For instance, if N has the matrix (iv) of Ch. V, § 2, 0 will 
have a matrix of the type 

0000^000 
o o o Ct I) o o o 

ooabcoof 
O a b c d O f (J 

a b c d e f g h 

o o o o /* o o 

o o o f g o p q 

o O f 'g h p q r 

or if N has the matrix (vi) of Ch. V, § 2, (J will have a matrix 
of the type 

0 O (6 O O (Z o o 

o a b o d e o g 

it b c d e f g h 

o o cZ o o o o 

\o d e o p q o i 

d e f p q r i j 

O 0 // O O I O 6' 

O g h O i j 6 * t 

From these examples tho general form of G will be clear. 
The reader will notice tho diagonal arrangement of equal 
elements in the matrix, and the positions of the zeros. 

As in Ch. V, § 2, if N is expressed as the direct product of 
constituents ^31 •••> whose characteristic-determinants 

are (/3-A)^, where no two of a, /i, y, ... 

are equal ; then G is the direct product of a substitution on 
the variables affected by A^i,a substitution on the variables 
affected by iV'o, a substitution on the variables affected by 
.... 

Corollary I. 

A substitution with invariant-factors 

(A~a)«i, (A — (A~a)«”», ..., w^here > (Xy > ... , 

(A~/3)^i, (X — where b^ > > ... , 

J 

can be expressed as the product of two symmetric substitu- 
tions in a I'-ply infinite number of ways where 
Jc = (dtj -t- 2 02 3 Uj -t- + . . .) -H (&i -I- 26 .^ 3 63 -I- 4 64 . . .) -I- .... 

The proof is as in Ch. V, § 2. The only difference is that 
the matrix of C in the present section is symmetric, while the 
corresponding matrix in Ch. V, § 2, is not. 


(iii) 


(ii) 
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Corollary II. 

The detenu inant of G factorizes into simple factors. 

For instance, the determinant (ii) is and the deter- 

minant (iii) is 


fn fact, if W(‘ write the rows and columns of (iiij which now 
stand in the order 1, 2, 3, 4, 5, 6, 7, 8 respectively in the orders 
1, 3, 5, 2, 4, 6, 7, 8 and 5, 3, 1, 6, 4, 2, 7, 8, (iii) becomes 

(6 (Z o O O O O 0 

il p Q O O O O O 

h c a (I o o o (J 

e (/ <l p o o o f \ 

i r f h e <1 d (f Ik 

i / >] •' 7 P < j I 

j ,7 { o o o o o s I 

I l‘ j (f f o O t [ 

A similar process applies in general. 

Corollary III,* 

If K and AK = L (tre i>ipmaetriCyV:c van find a subdltution 
It Hitch that RKR' — Ly ichcrc = A and R depends on A 
onhj {not on K). 

Using the notation of § 2, we first prove that, if the result i^ 
true for the canonical substitution N = RAP~^y it is true 
for A, 

tn fact, suppose NO and C = PKR' are symmetric, ^^hile 
DCD'=:NCy and 77^ = N depends on iV only (not on C). 
Then if R - P'^ DPy 

RKR'^ P-^J)P . P-^GP'-^ . FD^P'-^ =^P-^DGFF-^ 

^P-^NGF ' = . PAP ~^ . PKF . F-^ = AK = Z, 

while R'^ = P-^JPP = P-^A^P - Ay 

and R depends solely on X 

We now show how D may bo found. 

Take at first for D the most general substitution permutable 
with every substitution permutable with N (Ch. V, § 3). 

* This Corollary will not bo required before Ch. IX. Similar theorems 
when K and AK arc both alternate or botli Hermitian aie given in § 8, 
Ex. 6, 7, and § 11, Ex. 1, 2. 
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The reader -will at once verify that, if C and X(! are 
symmetric, then DC and NDC are symmetric. 

For instance, if C has the matrix (iii) of § 4, and D is 

4- = a.ro 4- b.^g , = a^’ j \ 

.r/ = 4- h.r. 4- c.r, , rr/ = a JV, 4- b.e, , .r/ = a^v, I » 

y = a.^^^Y d" bt^'g , •'^‘g = a.Tg ) 

the matrix of i)(7is also of the typo (iii) , and so on in general. 

We therefore have DC = C'D'=i GD\ 

Now equate corresponding coefficients in D^ and N, and we 
get equations which can evidently be satisfied by a proper 
choice of the coefficients of D, For instance, in tlxe example 
just taken, where X has the matrix (vi) of Ch. V, § 2, we have 

((X 4- ~ a 4- -f 4- . . . . 

We now have D‘^ = X. 

Therefore DC :=^ CD' gives XC DW = DCD\ which was 
to be proved. 

Ex. 1. Prove that the symmetric substitutions G such that NC 
is symmetric where N = (.^ 2 , rr.j, . , Ci r, ... 

are w-ply infinite in number. 

^c,J-l + eJC,,,^ = Cj +e,e^„,. Put in turn ./ = 1, 2, , m. und 

then i = 1, 2, w, and we determine the coefficients of T in 
terms of which are arbitrary.] 

Ex. 2. Let A = {Pjx + ^-2^, 2x’ 4- 3.V ^x-j-2f/~:^z) 
and 7f ^ (-4a;-2/y-f -2/ +^. 

Find E so that E' = A, 

EKE'= ~-U;4-y + r, r)j4-/y-34 

[In Corollary III 

N=(x + y, y + z, z), P= {c-y, 2r-^+~, 2x-2y + z). 

P"’ S (x + y-z, y-z, -2x + z). C= PKP'= (z, y, t). 

Then D- = N, where J) = [x+ly-lz. y + ^z, z) ] .and 

n= p-^DP = (lx + ^y-lz, lx+2y-lz, 

If Ki^ { — ‘ix — 4y + iyz, —ix + y + z, ^x + y — iiz), 

verify that 

dBifi72'= A7fi= (-6y4-5;s^. -6a;4-y + 2^, 5:^4- 2y-4^). 

[This illustrates the fact that E depends solely on A. not on 
In this case ^4-2/)*] 
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§ 6. Transformation of one Symmetric Substitution into 

another. 

We assume for the present the following theorem, which 
will be proved in § 6. 

If N is a given canonical substitution which is the direct 
product of substitutions of the type 

and C is the direct product of substitutions of the type 

and F is any symmetric substitution such that NF is 
symmetric j then we can find a substitution D permutable 
with N such that DFry=a 

From this we deduce the following theorems : — 

If a substitution A is transform(d)le into the canonical 
substitution iV, atid AK and K are symmetric, ive can find 
a substitution F such that NP = A and PKP^= C, 

Let R be any substitution such that R~^NR =A, and let 
RKR= F, Then, by § 2, NF is symmetric. Hence we can 
find D permutable with N such that DFD'= ( 7 . Take 
P = DR. 

Then P-^NP^R-^D-\N.DR=^R-^NR^ A‘, 
and PKP' = DR. K, KD' = DFD^ = C. 

Again, 

If hvo substitutions A and B have the same invariant- 
factors, tvhile AK, BK, and K arc all symmetric, ive can 
find a substitution S such that S~^AS = B and BKS' = K. 

We have iust shown that we can find substitutions Pand Q 
such that A^P-^NP, B^Q-^NQ, PKP'=C, QKQ'=C, 
where N is the canonical form of A or B. 

Put aS = P-iQ. 

Then S-^AS = Q-’P . A . P-^Q = Q-LVQ = B ; 
and SKB' = P-^^Q . K . Q'P'"^ = P-^CP'-^ = A^ 

If K ^ E, A and B are symmetric ; and SS' = E, so that 
S is orthogonal. Hence 

Any given symmetric substitution can be transformed into 
another given symmetric substitution with the same invariant- 
factors by an orthogonal substitution. 
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Ex. Transform A = + + 

into B = if “ -^sV^ 

by an orthogonal substitution. 

[A=:P-iAP, i?= where N^{x, -ij), 

P= Q = ly, si/)- 

Therefore A is transformed into B by the orthogonal substitution 

§ 6 

We now prove the tirst theorem of § 5. 

We notice that, if B is any substitution whatever per- 
inutable with iV, and NF is symmetric, then 
N.DFU D.XF.B' 

is symmetric (Ch. I, § 10). Hence DFD' is of the same 
type as F, namely the type exemplified in (ii) and (iii) of § 4. 
We want to show that we can choose D so that DFD' is G. 
This is the same thing as proving that we can choose D 
so that, when we replace 

Xf by dfyi\ + df^x.;^A (^ = 1, 2, ..., iii), 

N is unaltered while the quadratic form ^fijXiXj is trans- 
formed into ^cijXiXj^ i.e, into the sum of quadratic forms 
of the type 

i aj3XV^2+ ••• 

We shall adopt a step-by-step process whereby we employ 
a succession of transformations, each of which leaves iV 
unaltered, but alters the quadratic form ^fijX^Xj into a 
simpler form, till we finally arrive at S 

As pointed out at the end of § 4, if A" is the direct product 
of constituents A A^, A3, ... whose characteristic-determinants 
are (a-A)«, (i3-A)^ (y-A)^ ..., where no two of a, y, ... 
are equal, ^fqXiXj is the sum of a quadratic form on the 
variables affected by A^^, a quadratic form on the variables 
affected by A^, a quadratic form on the variables affected 
by Ag, .... 

Suppose Aj is the direct product of * •• ’ where 

is the direct product of constituents cM2> , 

each of the type 

X^ = (XXj + ^^2, »*• j X = ^^u-1 d 

and therefore each of the same degree u, while C ^(^2 
direct product of constituents of the same degree v, ,^3 is the 

R 
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direct product of constituents of the same degree , where 
no two of Vy Wy ... are equal ; and similarly for ]S\y .... 

Then, firstly, we show that 'Ef-jX^Xj may be transformed 
without altering N into the sum of a quadratic form on the 
variables affected by i , a quadratic form on the variables 
affected by a quadratic form on the variables affected 

by 

Secondly, we show that ^fijX^Xj may then be transformed 
without altering iV into the sum of a quadratic form on the 
variables affected by a quadratic form on the variables 
affected by a quadratic form on the variables affected 
by rMp .... 

Thirdly, we show that the theorem is true for each of the 
substitutions such as cTlfi, JHo, (lMj, ; and the proof is then 
completed. 

In the following we therefore first take iV as of the type 
iVp then of the type and finally of the type 

• (1) Consider first of all a case such as that in which N is 

X-y^ OL Xy ”f* , iX. 2 0(. Xkj^ ”f* X^ , .^2 “ — J 5 

Xy — Oix ^^ .rrp Xr' = (XX^ 4- x^.y x^f = (xx ^ ; 

cc/ = a ^^7 + , x^' = (X x ^ . 

Hero iV is the direct product of two substitutions of 
degree 3 (one on Xy, x.^ and the other on X jyy X r^y X^ ) and 
of another substitution (on x^y x^) of degree less than 3.* 
Then ^fijXiXj has a matrix of the type (iii) of § 4. 

Put for Xrj + /tV ‘2 4" /»' 4~ Ix^ 4 “ I Xq ) ... 

and for x^ -\~kx^ 4-/x*y ) ^ 


By Ch. V this transformation does not alter N, 


It transforms 

Vf., 

•'U 

X;Xi 

into a form 

with matrix 


0 

0 

A 

o 

o 

D 

o 

o 



o 

A 

B 

o 

D 

E 

o 

G 



A 

B 

C 

D 

E 

F 

G 

II 



o 

0 

D 

o 

o 

P 

0 

O 



o 

D 

E 

o 

p 

Q 

o 

I 

3 


D 

E 

F 

p 

Q 

R 

I 

J 



O 

o 

G 

o 

o 

I 

0 

S 



0 

Q 

H 

o 

I 

J 

8 

T 



where 

G ^ ks-hgy H = k'a 4- kt + ky J = 4- i, J = ^6? 4* It -\-j, 

* W is of the type N^, being the direct product of 
^ axa, axs+xg, ax^) and '?^2 = (®^^7+*8> 
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Now since the determinant of does not vanish, 

s ^ 0 . Hence we can choose //, I, I' so that G, //, 7, J all 
vanish ; and becomes a quadratic form on ./‘j, x^^ 

/dus a quadratic form on x^, 

A similar process holds in general. For instance, if iV were 
= oix^ + “ ^*^‘2 + ~ ; 

./•/ = (XX^ + X-, x/ = a./;. ; xj = ocx^^ 4 - .^' 7 , x^' = ocx^, 
which is the direct product of substitutions of degree 3, 2, 2, 
we should put 

for x^ ./'^ + + U.r.,, for "f ^‘^‘2 “f 

for X. ./*- for x-^ x^ )’ 

and proceed as before, leaving N unaltered and transforming 
2 fijXiXi into a quadratic form on x^, x^, j)his a quadratic 
form on rzq, . 7 *-, 7 *^, x^ by suitable choice of k, //, /, l\ 

( 2 ) We can now confine ourselves to the case in which iV is 
the direct product of constituents each of which is of the 
same degree. 

Suppose, for example, N is 
.t/ z=: a x^i X.,, xf = ax.^ + x.^ .r/= a 7*3 ; 

7*/ = a.r^ + .^’ 7 , x/ = (xXr^ 4 - 7V,, xj - ocx^^ 

so that N is the direct product of two constituents, each of 
degree 3 * 

2 fijX^Xj will have a matrix of the type 




0 

0 

'^’11 

0 

0 

’’12 




0 

»-n 

•"‘ll 

0 


•'■'12 







’’12 

'^']2 





0 

0 

^^'21 

0 

0 





0 

'^’21 

<*21 

0 

^'22 

«22 




'^’21 

^21 

^21 

no 


^22 


where 


'^'12 

= '>’ 21 . 


~ ’^215 

fn = 

^21 • 

For 3 . 

\ put 1 


+ Z,2”(' 

4' 

for X 

4 P«t 

/2r^ 

r, + ’1 


for 

for put Z,vC 3 + /] 2 .r,„ for .r,. put + 

This will not alter N, 

Choose the so that 

^11(^11^1 d" ^12^2)^ d" 2 'Z’j 2 (^n d" ^12^2) (^21^1 d" ^22^2) 

+^ 22 (^ 21^1 d-^ 22 ^‘ 2 )^ = x;^-\-x.^, 

* V is of the type being the direct product of 

.^i^Caxi + rj, aarj + r^, axj) and .yW2E(aaj + x-, (Xt. + x,.,, axe^. 
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This is possible, for the determinant (ii) is 


so that 


0 * 


Then S becomes a quadratic form with a matrix of 


the type 




where 

Put now for 
and for x., 


o o 

0 1 

1 .S', 3’, 

o o o 

o o ,S'^, 

o 6',. 3;, 

u 


o 

»S',. 


o o 

O O AT, 2 

O 3’, 

o o 1 

0 1 N 

1 T, 
T,, = T.,.. 


12 


+ kx^ 4- / 

.f\, + kx. 




This will not alter iV, and, exactly as in (1), we can choose 
k and I to make reduce to a quadratic form which 

is the sum of a quadratic form on .r^ x ., , x^ and a quadratic 
form on .t-, ./y- 

(3) We can now confine ourselves to the case in which N 
is of the form 

.(•/= + + .r/= ax,.-\ 

^ form 

A-, <f>^ (,/• ;<■) + {x, :<■) + . . . + A', (p,. {x, x), 

where </>,(.»•, i/) =■»•, 2/, 

;»/3 + «, 2 / 2 , 

'/>3 (■'■- y) ^ ^>'^y, + -, + •••+ yi + ?h . 

(prA/y) = -''iV,, 
and the Ic’s are constants. 

If in {x, 2 /) we put 


a,x^ + a,._yi‘, + a,_./>-.^+ .. 

. . 4- x^, for 

2 -1^^ 3 “t • • 

. for 

(f / a + . * 

for 05 5 


O,;/', for X,. 

?/| + ^y-l V'i + Pr-i y-i'^ • 

.. + i, 2/,. for 2/j 

^2/2+^-i.'y.)+- 

• •+P.i,yr for y,. 

p,yi+-- 

for 773 


.(iv) 


Compare § 4, Corollaiy II. 


f^rUi for y^J 

t N is of tlie type 
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we obtain 

(a,a;j + ... ... +«2*))(^^r2/i-i + ^r-xVi) 

+ . . . + a,x, {h, + h,.^y., + . . . + \y,) 

= </)r(a, h) . (f>j (x, y) + </)^_, {a, h ) . {x, y) 

+ . . . + 02 (a, />) . 0^_, (x. y) + 0, (a, 6) . 0, {x, y). 
Similarly, (f>,^{x,y) becomes 

(pr («; b) 02 (.e, y) + 0,._ j («, 6) 0 , (j', y) + . . . + 0., (a, b) . 0, (.<•, ?/), 
and so for (p.,ix,y), <f>i{x,y), .... 

Putting now 

bi = «i, b.^=a.,, ... , y, =.7:,, y.j^=x.,, ... 

(iv) becomes a substitution, leaving iV unaltered and trans- 
forming 

/i*j <jf)^ (r, x) -f /c2(/)2 •^‘) -f . . . -f A’y ./■) 

into A j -j- </>2 + . . . + (‘^’5 

where 

;Vj = fcj0^, (a,«), ^2= /'•i0,_, ('(,a) + A:20,.(o,«). 

7\'j = A'l 0,-2 (o, «) + /'2 0, -1 («, a) + A-j 0,. («, «) 

We want to show that we can choose a,, a, ,, u . „, ... to 

satisfy A'j= l,7v 2 = /i^;,=...= 0. 

This demands 

1, 2Ic^(f Ii\^a ::^0, 

/I'j (2a^,a^._2 + -f = 0, , 

The a’s can evidently be chosen to satisfy these equations, 
provided =/= 0. 

But if /i’^=0, the determinant of 2/* a’-.r. would vanish, 
which is impossible. 

The investigation is now completed and the theorem proved. 

Ex. 1. Prove that the orthogonal substitutions permutable with 
a given symmetric substitution A. of degree v having a single 
invariant-factor are two in number. 

[By a suitable change of variables we reduce the problem to 
that of finding the substitutions permutable with 

Xi'= axi+X 2 , x',..i = <xx,._i + x,, x/=ax,, 
and having a’lS', +3^2*; -i+ — +», -laJa + a-, «i 
as an invariant. For an orthogonal substitution has 

V + V+ ••• 
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as invariant, and this was transformed into 

The substitutions required are those of the form (iv) of § 6, which 
have the invariant x^x^ -{-x^x^ . They will have this in- 

variant if (f), (a, a) = 1 and </>, -i «) = </>,- 2 = ••• ~ 
These equations give a, = ±1, = a , _2 = ••• 

Ex. 2. Discuss the case when A has two invariant-factors, or 
any number of invariant-factors.* 

Ex. 8. In how many ways can a given symmetric substitution 
be transformed into another given symmetric substitution by an 
orthogonal substitution ? 

§ 7. Invariant-factors of an Alternate Substitution. 

If A is an alternate substitution, A — SA^ where ^ is the 
similarity substitution 

,7*j = ./*j^ , ” ^2’ •••’ 

Therefore, by Ch. II, § 3, corresponding to any invariant- 
factor {K — olY of A' wc have an invariant-factor + of 
aS'A' or A. But A and A' have the same invariant-factors. 
Hence 

The invar iavUfactorr of an altermtte substitution are either 
inyirers of A, or else occur in pairs of the type — (A -f a)^f 

We confine ourselves now to the case of alternate substitu- 
tions whose determinant does not vanish. The degree of such 
an alternate substitution is even,:]: and its invariant-factors 
occur in pairs of the type (A — a)^ (A-fa)^ It possesses many 
properties analogous to those of a symmetric substitution. We 
state these properties, leaving the verification to the reader in 
most cases. 

t:^uppose P-^NP=A and PKP' = G. Then if AK is 
alternate, so is JS'C ; and, conversely, if NO is alternate, 
so is AK, 

The proof is as in § 2. 

For example, take K = E and C — E, Then we have : — 

‘ The transform of an alternate substitution by an orthogonal 
substitution is alternate,* as in Ch. I, § 10. 

Again ; still taking K = E \ — 

To find an alternate substitution with given pairs of 
1 nvariant- factors. 

* Cf. Hilton, Annals of Mathematics (1914). 

t See also Ch. II, § 3, Ex. 3. 

X For a skew-symmetric determinant of odd order vanishes. 
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, ... (ii) 


It is sufficient to take one pair of invariant-factors (A — (x)'* 
and + 

Then if N is 

a’/ = x/ = ocx^ ) . 

2//= y,' = ~^7/, 

and C is 

<=?/,. <=-2/,-i •••- 

2/i' 2/./ = ( ..., y,' = 

NC is alternate and G symmetric. 

Then the required substitution is where P is 

chosen so that G = PP\ 

Ex. 1 . Find an alternate substitution with invariant-factors 
(A— (A-fOf)-^, 

/ ^1 + x. \ - / .r .. — X / ix., + ix . \ - /(X, — ix, 

Q 2 a;ia ;4 — -.rij ^’3 =:: ( ^2 ) \/2 ) v/2 ’ 

Therefore the substitution G = (x^, —<>, —^2? ^1) where 


n — / + ^4 ^’2 ^^2 -1“ ^^'.3 X 

~72 ’ r 

And P — (axi + x.j, 0(X2, —ax.^ + x^^ —ex ^4) 

is transformed by P into the required alternate substitution with 
matrix 


ix^ + iXi ix^ — />4 > 


] 


Ex. 2. Find an alternate substitution with invariant-factors 
(A-(x)^ (A + a)3. 


0 

1 

t 

— la 





0 

2 

1 

0 

-la 

f 

2 

2 

i 


0 

1 

2 

lOL 

2 


i 

1 

0 

lOL 

0 

2 


§ 8. The Product of Two Alternate Substitutions. 

Suppose now that K is alternate. Then if AK = L is 
alternate, NG is alternate, and so is (7 = PKP\ 

Each alternate substitution ( 7 , such that NG is also alternate, 
gives one method of expressing A as the product of two 
alternate substitutions L and (i. e. P'C~^P), 
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We consider then the conditions that KG should be alternate 
when C is alternate. As in § 4, we get, since NO is alternate, 

or 

+ + 2 , vl), 

since G is alternate. 

But these are the same conditions as in § 4 except that now 
we have = —Cj^ instead of c^j — Ci^. 

Suppose, for instance, that AT is 

x/ = (XX^ + = OLX.^\ 

X,\ = ^X^-\-X^^ X^ ^ XX 

Then the matrix of C is of the type 

o o o o o d 

o o o o d e 

o o o d e f 

o o — d o o o ^ 

o — —e o o o 
— d -e —fooo 

which may be compared with the matrices in § 4. 

Applying Corollary II of § 4, we see that, since the deter- 
minant of G is not zero, and a skew-symmetric determinant 
of odd order vanishes : — 

A mbstiiution can be expressed as the product of hvo 
alternate substitutions if and only if its invariant factors 
occur in p)airs of the fomi (A — a)’*, (A — 

Ex. 1. In how many ways can a given substitution be expressed 
as the product of two alternate substitutions ? 

[See Corollary I of § 4.] 

Ex. 2. Express 

A =(x—y-{-2js!-2Wj —Sy-2tVy — 2a? + 2^-3 . 2 ^ + 3 2ij + tv) 
as the product of two alternate substitutions. 

[^P~^NP=A, where — tt^), and 

= (Sx+2z, 2x + y+2js!, x-Vz, 

Then K ^ P'^CP'-^ = (-2y-^6w, 2xX-z, -y-2iv, 3a; + 24 
where C={ — tv, --z, y, x). Hence A is the product of the two 
alternate substitutions AK=(w, z—tv, — y, --x^-y) and 
K~^ = [2y —to, ‘^2x + "dZf — 3y + 2«(?, a?— 2.s^).] 

Ex. 3. A substitution of the second degree is the product of two 
alternate substitutions, if and only if it is a similarity. 
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Ex. 4. If F and NF are alternate, we can find a substitution I) 
liermutable with N so that DFD'= C, where N and C are the 
direct products of 

aa-i + a-ji, x', . i= aa’, _i +a’, , x/=a.r,i 
iji=ayi + y2, ■ ■, y', i=ay,-i + y,, y'=0Ly,\ 
and a’/=-y,) 

_ yi'= •••> y',-\= y'= x,f 

respectively. 

Ex. 5. If AK and K are alternate, we can lind a substitution P 
so that PAF ^ = N and rKP'= C\ where C is the substitution 
defined in Ex, t. 

If AK, BK, and K are alternate, and A, /> have the same 
invariant-factors, wo can find a substitution S such that 
^AS = n and SKS'= K. 

Ex. (). If K and AK are alternate, we can find a substitution li 
depending only on A (not on K) such that li- = A and 
PiKR'= AK. 

fThe method is that of § i, Corollary III.] 

Ex. 7, If A — + /«;) and 

K /r, 2x-2y-\-z), find 

B such that W = A and 

11KK= AK = (--y’\-‘‘6z — ow, x — + -d:r+2^— 2/r, 

3^-f- 2.e). 

[If P'=i(x—w, 'lX'-2y^z — w, X’—'^y—z-^iv, x’ — // — -*) and 
P~^ = {}^x-2y-\-z + w, x—y+ic, 2x—y-\-Z’-iv, 2:r- 
then PxlP * = N = {x-hy, y, z-l- w, ir) 

and C = PKP'= («’, z, —y, —x). 

If P = y, w), I)^ = N and KC. 

Hence, as in § 4, Corollary III, 
if B^^P’^BP^dx-^yZr^w, y-\z-\-^iv, -^x + ^y + y, 

= A and IlKK^ ^7C] 

If /fi=(— 3<c^ — 3?(;, x—2z-\-oic, — 3a;-f 2y — 2i(;, 'f^x—^dy-\-2z), 
verify that 

llKiB'^ AK^^ (^y-\-iz—iiv, x — '^z-\- iw, — 4a< + 3^— 3zr, 

4:r— + 

{PKiP' = (w, zFw, -y, -x-y).2 

§ 9. The Product of an Alternate and a Symmetric 
Substitution. 

Suppose now that K is symmetric. Then if AK L is 
alternate, iKG is alternate and C = PKP' is symmetric. 

s 


lb46 
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Each substitution U, such that NC is alternate and C 
symmetric, gives one method of expressing a given substi- 
tution whose invariant-factors occur in pairs of the type 
(X + a)^ as the product of an alternate substitution L 
and a symmetric substitution 

If N is the direct product of substitutions of the type (i) of 
^ 7, we may take G as the direct product of substitutions 
of the type (ii) of § 7. 

If the invariant-factors of A do not occur in pairs of the type 
(A — a)'’, (X + ocy, A cannot be expressed as the product LK~^ 
where L is alternate and symmetric. 

For let Q be a substitution such that ^ E 1). 

Then the invariant-factors of LK~^ are the same as those of 
= Q'-^LQ~KQK-^Q^ - Q'~^LQ-\ 

But is alternate, since L is. Hence the invariant- 

factors occur in pams of the type (X — (X + a)^ by § 7. 
Therefore 

A suhbtituti 07 i atn be exprenbedas the product of an alternate 
and a symmetric substitution, if and only if its invarianU 
factors occur in pairs of the type (X — a)'’, (X + a)L 

To find every possible symmetric substitution such as G 
making NC alternate, we notice that, as in § 4, we have 

+ (bi = 1, 2, m) ; 

or = — 0 ;yXj— {i,j = 1, 2, m), 

since G is symmetric. 

This leads, as in § 4, to 

= 0 when X; -i - Kj ^ 0, 

and when X; = —Ay 

when /3;_, = 1, /i;_i = I'j 
‘^V-i = 0 when /3;_, = 0, /3y_i = l\. 

'■/-!/ = 0 when = 1, /3;_i = o) 

We have also Cij = c^. 

Suppose, for instance, that N is the substitution 

a-/ = OLx^ + x.^, X.' = + X.' = (xx.^\ 

2//= -a2/i + 2/.. !/•/= + Vz = -“2/a; 

= ax^ + x^, a-/ = (xxr, + = aa'e ; 

= -a2/4 + 2/fl> Vz = -“2/5+'2/6. Vz = ““2/6; 

X-j — OiX-j Xj^i X^ — (XXg ^ /.V 

2 //= -(xy^ + y^, y^- -OLy^"'^ 
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Then C has a symmetric matrix of order 16, of which the 
first 8 elements of the first 8 rows and the last 8 elements 
of the last 8 rows are zero, while the last 8 elements of the 
first 8 rows are 

o o a o o d o o 

o — ct — b o — d — e o — (j 

ah G d 6 / y m 

o Q h Q o J) O O ...V 

o —h —h o —p —q o —i ^ ' 

It h II J) (J r i j 

o o— U o o — I o— ,S 

o Vj Vo I hi I 

This should be compared with (iii) of § 4. 

The reader will easily verify that the determinant of the 
substitution 0 formed in this manner would vanish if the 
invariant-factors of N did not occur in pairs of the typo 
(A — a)^’, (A-f-a)'', as was to be expected from the previous 
reasoning. 

We assume now a theorem proved in § 10. 

If N is a given canonical substitution nhich Is the direct 
product of substitutions of the type 

■r/ = o(x^ f = a X,' = Q(x, ) 

yi'= -«2/i + '/i. •••. =-a2/,-i + 2/,-?y/= -a?/,) 

and C is the direct product of substitutions of the type 

= -2- 

and F is any symmetric substitution such that NF is alter- 
nate; then we can find a substitution I) permutable with N 
such that DFD' = C. 

As in § 5, we deduce 

If a substitution A is transformable into the canonical 
substitution iV, and AK is alternate and K symmetric^ 
v:e can find a substitution P such that P~^NP = A and 
PKP' = a 

Again : — 

Tf two substitutions A and B have the same invariant- 
factors, while AK and BK are both alternate and K is 



140 THE PRODUCT OF AN ALTERNATE [VI 9 

i^jjmmetric, we can find a suhstihition S such that S~'^AS = B 
and BKB' = K. 

Taking K = E we have 

Any given alternate substitution can he transformed into 
another given alternate subditution ivith the same invariant- 
factors by an orthogonal substitution. 

Ex. 1. Express 

A = 10^ + 4.^— + —2r + 2y-\-0 — Wj 

— 2?/ — 4^ — 3?r) 

as the product of an alternate and a symmetric substitution. 

IF ^NP = A 

if P={'^>r + y-]-z-\-v\ 2x-{-2z--u\ —.r + y--z + 7(\ —y--iv), and 
A=(cT4*jA ~z + tVy ~w). Take C as (?r, — ?/, x). Then 

K = P~^ CP'~^ = ( — w, y-\-Az-{-2w, —x-\-y-ir2z—2tv). 

Hence A is the product of the alternate substitution 
(2y/-f 4^ + B?c, — 2;r — — 4.r-f 3^— 4?r, 

-3.^ + 4?/ + 4^), 

and the symmetric substitution 

^{2x~2y-\‘Z’-‘W, — 2r— 4?/ + <e?, x-Vy, —.r).] 

Ex. 2. Express (34.r - 24y/, 48.r— 34y/) as the product of an 
alternate and a symmetric substitution. 

§ 10 . 

We now prove the theorem left over from § 9. The process 
is very similar to that of § 6, and will therefore be given only 
in outline. We have to show that we can choose D bo that 
when we replace by 

dt^s\ 4 - 4 - . . . + (^ = 1 , 2 ,..., ni) 

N is unaltered and is transformed into i.e. 

into the sum of quadratic form of the type 

2 (y, “ yr -1 ^2 + Vr +•••). 

N being of the type stated in the enunciation of the theorem. 

(1) Take such a case as that in which N i.s (i) of § 9. Then 
the matrix of ^fiiXiXj is of the type described in § 9 in 
which the first 8 elements of the first 8 rows and the last 
8 elements of the last 8 rows are zero, and the I'cmaining 
portions of the matrix are of the type (ii) of § 9. 

Now apply the substitution (i) of § 6. Choosing k, k\ f V 
properly we reduce ^fijX^Xj to one similar to that just 
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described, but with ii, v, Z, w zero. Now apply a similar 
transformation to and 2 /g, and we can make (j, m, j 
also zero. 


(2) We may now confine ourselves to the case in which N 
is the direct product of constituents each of the same degree. 
Suppose, for example, N is 

aj/ = a .rj + < = a.r, + a-g' = aa-g ; 

?y/= -a?y]+ 2 / 2 , ?// = ^(xy^\ 

a*/ = a.r, + <= arr, + .r,/ = Of.r, ) ^ 

y/= V:!^ -«2/5 + ?/g» 

^/‘jXiOTj will have a symmetric matrix of order 12 in 
which the first 6 elements of the first 6 rows and the last 
6 elements of the last 6 rows are zero, and the last 0 elements 
of the first 6 rows (and the first fi elements of the last 6 
rows) are 


0 

0 

'n 

0 

0 

’’12 

0 

-''’n 

-«n 

0 

-’-12 

-S,, 


«n 

tu 


^V> 

^2 

O 

O 

®2I 

0 

o 

’’22 

0 


~^21 

0 


— S.,i, 

'^’'21 

-\>t 

^21 

’’22 

,v 

Q 


Apply the transformation (iii) of § 6. Choose the Z s in 
this transformation so that the substitutions with matrices 




^ oo 


and 


j h'l 


are invei’ses of each other. Then (i) is replaced by an array 
of the form 


0 

0 

1 0 

0 

0 

-1 

- 4 S'l, 0 

0 

1 

'Si 

Tn 0 

'S2 

0 

0 

0 0 

0 

0 

0 

-'^ 2 , 0 

-1 

0 


T,, 1 

So. 


and now we can proceed as in (1). 


0 

Tn 

1 

T 

J. i>.> 


(3) Lastly, take N as (i) of § 7. Then 

2/;.,r,.a:. = 2/-, {y,x^ -yr-i0^-^+y,-t«'3- -) 

+ 2 h (Vr^'i-y ,-1^3+ ■■■) 

+ 2 /.'a (2/,-®:! - 2 /)-i®4 + 2//-''®:, 
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Now apply the transformation (iv) of § 6, taking 

6,= 1, 6,.i = = Z»,.3 = ... = 0. 

Then choose a^_ 2 , ... to make reduce to 

2 - 2/;-i ^^2 + 2/, _2r/‘3 

Ex. If F^[x, 2/) = 2(2/, - 3 ^ 4 +•••). 

F^ix, y) = 2(2/,,r.^-2/,,i.r3 + 2/>-2^4~^y -3*^-.+ •••), 


then [x, y) becomes 

F, (a, h)F, (.’, 2/) + i^,-, (a, 2>)F2(^, 2/)+ ... +Fi (^, 2>), F. y\ 
when we transform it by (iv) of § 6. 

§ 11. The Product of Two Hermitian Substitutions. 

The following results are similar to those proved in §§ 2-10 
and are established similarly. 

Suppose F~^NP = A and PKP' = (7. Theiiy if AK is 
'Hermitian, so is NO ; and, conversely, if NC is Hermitian, 
so is AK. 

A given substitution A can he expressed as the product of 
hvo Hermitian substitutions, if and only if its complex 
invariant-factors occur in pairs of the type (A~cx)'’, (A — 5)^’. 

Firstly, A cannot be so expressed unless its invariant- 
factors are thus paired. In fact, if K and AK — L are 
Hermitian, and Q is a substitution such that QK''^Q' is a real 
multiplication (§ 1), then A has the same invariant-factors as 

if-^LK-Hf = . QK-^q\ 

which is the product of a Hermitian substitution and a real 
multiplication. Now use Ch. II, § 3, Ex. 2.* 

Again, take N as the canonical substitution into which 
A is transformable. Then if the invariant-factors of A are so 
paired, N will be the direct product of substitutions of the 
type 

.r/ = ax, + 0 ^ 2 , xf = ax, "j 

Ih' =^2/, + 2/2, =a2/,_, +2/,, yf =-^yr L 

W/ = / 3 Z, + X.3, ..., JV, = + x: = 

where /3 is real and a unreal. 

* Or we may establish the result by combining Ch. I, § G, Ex. 1.3, and 
Ch. II, § 2, Ex. 4, without introducing Q. 
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We may take C as the direct product of substitutions of 
the type 


=yn 

Vx =^r, 


= 2/2. < =2/1 ' 

y i~\ — Vr ~ 


Then (7 and NG are Hermitian, and therefore AK and K 
arc Hermitian. 

Moreover, if NF and F arc Hermitian, we can transform 
^fljXiuCj into the sum of Hermitian forms of the type 

± { Vr^i + -1^2 + . . . + 2/1 + + . . . + 

and ± {X, X, + + . . . + AVi X, + X,X,) 

without altering X. 

The proof is as in § 10, noting that the equations (i) of § 4 
now become 

c-j = 0 when Xj ^ Ay, 
and when = X; 

together with Cjj = Ty;. 


Ex. 1. IfiCaiid AK are Hermitian, we can lind a substitution 
E depending only on A (uyot on K) such that E^ A and 

EAE'= AK 

[The method is that of § 4, Corollary III.] 

Ex. 2. If AEz{x-\-2i/, -x-y) and K^(-x-y, -x\ find E 

such that E^ = A and EKE'=AK^ (—I/^ —X‘-2y), 

/. 1-f-i l4"^'\ 

[If P =:[tx+tj, - 

and P~^ =:{ ^•^”• 2/1 “^■^ + '2/)’ 

then PAP-i = N= (if, -hj), and C = PKP'= (y, 4 
If B = a-, y) , D-^ = N and DCD'= NC 

Hence, as in § 4, Corollary III, 
if P = P-ipP = (v'2^+V'2y, 

Ii^ = A and BKjR'=AK.2 
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^ 12. The Product of a Hermitian Substitution and a Real 
Multiplication. 

Wo can deduce properties of a substitution A which is 
the product of a Hermitian substitution and a real multipli- 
cation K. 

Suppose that of the coefficients of 7i, k are positive and 
ui — k negative. There will be no loss of generality in 
supposing Ic > 

The Hermitian form is transformable into the 

form where F—PKl^. Hence, when is 

reduced to standard form, as in Ch. Ill, § 2, it becomes 

^ 1^1 + 44 + ••• + 6 . + + 

Now ^fijX^Xj was also reduced in § 11 to the sum of forms 
of the type 

and ±{A\X, + X,X^_, + ... + X,X,). 

But each of these is reducible by the method of Ch. Ill, 
§ 6, to the type 

as is at once seen by use of the identity 

2 (xy + xi/) = (.c + y)(x + y) - {.r-y) {x-y). 

Hence : — 

'A cannot have more than 2(7/6 — A;) unreal characteristic- 
roots. If exactly 2 k— m characteristic-roots are real, the 
corresponding invariant-factors are linear.’ 

Again : — 

^ A cannot have more than on ~Jc invariant-factors which 
are not linear. If A has exactly m-^-k such non-linear 
invariant-factors, they are of degree 2 or 3. If they are all 
of degree 3, every characteristic-root of A is real.' 

‘If A has exactly 3k — 2m linear invariant-factors, all its 
characteristic-roots are real, and the non-linear invariant- 
factors are of degree 3.’ 

Ex. 1. Enunciate the theorems at the end of § 12, for the case 
2k < m, 

f^x. 2. Obtain, by means of § 12, properties of a ‘ quasi-Hermitiai] 
substitution ’, i. e. one of the type 

x/=z ... -f 
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where = aji if i and j are both < Jc or both > k ; and otherwise 

[Take as {x^, -xj."} 

Ex. 3. Find quasi-Hermitian substitutions with invariant-factors 
(i) (\ — a)2, a real; (ii) (A — a), (^ — a); (iii) — a)^ {X — Oif. 
[The substitutions with matrices 


l + a -1 

^(a + a) 

5(a-«) 1, 

1 -1+a ’ 

i(a-a) 

i(a + a) i’ 

i(a + a) i 


i(a-a) 

h ^(a + a) 

^(a-a) 

1 

-i Ma-a) 

i(a + a) 

1 

^(cx—oi) ^ 

1 

Ma + a) 


Take N as & canonical substitution with the given invariant- 
factoi*s, K as in Ex. 2, and 0 as in § 11. 

Choose P so that PKp':=^ 0 (§ 1, Ex. 7). Then A is P-^NP.] 

Ex. 4. In how many ways can a given substitution be ex- 
pressed as the product of two Hermitian substitutions ? 

[See § 4, Corollary I.] 
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CHAPTER VII 


INVARIANTS OF THE SECOND DEGREE 


^ 1. Quadratic Invariants of any Substitution. 

In Ch. I, § 11, we defined an (absolute) invariant of the 
substitution A 

+ (^ = 1, 

and proved that if PAP"^ = B and /(x^, is an 

invariant of A, then 

/ ••• p2i'^i d" P22^2'^ ••• 

. . •••» ”hpj>(2^2 d* ••• 

js an invariant of B. 

If 


/(»!, ^2, ..., xj = {(, J = 1, 2, ..., m), Cij = Cji 

is a quadratic invariant ^ we can give an alternative proof of 
this fact as follows : — 

Suppose G to be the substitution 

then, since ^c>>X’X; is an invariant of A, ACA' C by 
Ch. HI. § 1. • ^ 

Then it is required to prove that ^dijX^Xj is an invariant 
of P, where 


S<’0' iPn^i +2^i2^2+--+I>im^,J ipjv^i+J^j-i^'2 + 
or D = PGP'. 

Hence we must prove BDB' =^D. 

But 


“h Pjm'^m) 

= 2dfjX;Xj, 


BDB'= PAP-KPCF. P'-’ A'P' = P. AGA'. F = PCF= D, 
which establishes the result. 

We proceed to find all the quadratic invariants of A. By 
the above it is sufficient to find the quadratic invariants of 
any substitution N into which A may be transformed; for 
then the quadratic invariants of A can be readily deduced. 
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We might take for N the well-known canonical form which 
is the direct product of substitutions of the type 

0?/= ax^i-x^, + x/ — (xx^„ 

It will save labour, however, to take N as the direct 
product of substitutions of the type 

a;/= 0LX^-\‘0LX^, 

into which the previous substitution is at once transformed 
by writing 

(xx.j, for .^‘ 2 , for a*., for 

i.e. the former substitution is transformed into the latter by 

a*/= x^y .^ 2 '= rr./= x/— 

The substitutions permutable with this new canonical form 
N are the same as those permutable with the usual form and 
found in Ch. V, § 2. 

Ex. 1. If I zz -j“ ^ 2 ^ 2 "b **• 
is any relative linear invariant of A, (e^, C 2 ? ••• y O ^ ^ 

and when we operate with A on J, J becomes A J, where A is the 
corresponding characteristic-root of A\ 

Ex. 2. The number of independent absolute linear invariants 
of A is equal to the number of invariant-factors of A of the 
type (A- If. 

§ 2. Quadratic Invariants of a Canonical Substitution. 

The most general quadratic invariant of the canonical 
substitution N of § 1 is evidently obtained by taking any 
pair of the constituent substitutions of which N is the direct 
product, finding every quadratic invariant of this pair, and 
then adding all the invariants so obtained. Tlie pair chosen 
may be distinct, or may be the same constituent reckoned 
twice over. 

First suppose that the pair is distinct and is 

2//=/32/i + i3 2/2, ...,2/Vi= + 

Take first of all r = s. 

Let an invariant of this pair be 

(^i = U 2 , ..., r). 

Then 2 e^j (y/xf - yiXj) = 0, 

where Xj', y{ are given in terms of 2/0 > 2/r (^)’ 
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Equating to zero the coefficients of 

we see that the following quantities vanish : 

{ 0 (I 3 — 1 ) fiji + Cj, , (a /3 — 1 ) ^22 + «21 + ^12 + ^11 ’ 

(a /3 — 1 ) ggi + Cj, , (a ,3 — 1 ) ^32 + e n + 622 + > 

(a/ 3 -l)e,i + c, 11, (a^-l)e,.2 + c,.i + e,._,2 + <’,-n> 

(a^ — 1) ^13 "h 

(a /3 — 1 ) ^23 + ^22 3 “ ^13 3 " ^12 1 

(a^ — 1) C;3 + 632 + figi + «22> 


(a^ - 1 ) 6,-3 3 - e,.2 + e,..j 3 + <‘,■-12, 

(a /3 - l)ejr + eir-i 

(a/3— l)«2r3-«2/'-i 3-«i)-3-ei,_, 

(a/ 3 — 1) Cj ,. + 63 ,._i + ^2 + ^2 c-i 


(a/3 — 1) e„.3-^,,.-i + e , -1 ^ 3- e, 

A glance at these quantities shows that e^j — 0 for each 
value of i and j unless a/3 = 1. 

If a/3 = 1, w'e have at once 

^11 — I - 1 ~ ®21 ~ ^22 — ••• — ^2<-2 ~ ’ */— 11— 

together with 2 r (^’— 1) relations of the type 

'^n 3 -«i-i 2 = 0, i 23 -«,- 2 :;= •••’ 

3" -12 3- 6,_13 = flj ^1—133'^/ 2:1 3" ^1-24 — •••> 

ert + e,.i3 + e,._j4= 0, e,._,4 + e,._24 3- e,_26 = 0, ..., 



i. e. in the matrix 


®2 /• 1 3" fij /• — 0 

^3 1 - 1 3" ^2 /■-! 3" ®2 f — ® 

®4(- 13 - 63 ^- 1 + 63 , = 0 


11 

^']2 

• 

• ^1 r - 1 

/• 

‘21 

^‘22 * 


• ^ 2.-1 

^ 2 ,- 

Q - 1 1 

^/-12 • 



^i -1 )• 


6^-2 

• 

• ^rr - 1 

e,,. 
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all the elements to the left and above the diagonal from 
to are zero ; the sum of two adjacent elements in this 
diagonal is zero ; and the sum of two adjacent elements in 
a parallel diagonal * together with the element above one of 
these elements and to the left of the other is zero. 

It follows at once that e^j, e^, may be chosen 

arbitrarily, and then every element of the matrix (iii) is 
uniquely determined. Hence there are r independent in- 
variants of (i). 

By suitable choice of e,^, e^, ..., we can throw the 
invariants into a great variety of forms. We shall obtain 
here the most symmetrical shape. It is necessary to dis- 
tinguish the cases in which r is odd and r is even. First 
take r even, \.e. r = 2n. 


Then choose 

- _ 1 ^ — «-iC p — e =”"’(7 

+ 1 ' 

The matrix (iii) becomes, when each element is multiplied 
by ( — 1)”'*, of the type 


O 

O 

0 

0 

o 

o 

o 

0 

1 


o 

0 

0 

0 

o 

o 

o 


o 1 

-1 'C, 


O 0 0 0 0 

O 0 0 0 0 

O 0 0 0 

o 0 0-1 

o o 1 '’c; -“c, % 


1 


o -1 1 


-1 -1 
2(7, 1 

-1 -3(72-^C',-1 

^6-3 *(7, I 


1 

O 

o 

o 

o 

o 

o 


.(iv) 


_l_flC'^_«6\-«(7,-*(7,-i 

where for illustration we take n — 6. 

Next take r odd, i.e. r = Sn + 1. 

Then choose 

= 1 , e,, = (7„ 3 + i , e,3 = ’* ■ ’ C„ 3 + ^ ' C„ . „ . . . , 

~ ^ “h ®( n+l ~ ®rn + 2 “ • • • ~ ^'rr ~ 


* Those running from er, to e,, to fj,., . , «, to e,_ir’ 



The matrix (iii) becomes, when each element is multiplied by (—1)", of the type 
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o o 

^ ^ 'W 

hIn ihIn .hIw 

+ + -f 

C-T cjT 


HlN 

4 - 


H|C« 

4 - 


I I 


o 

CO 

Hl« 

+ 

CO 

4 - 

O" 


I I I 


h(N o 


Hle« 

+ 


HlN O 


O 

04 

lH(C< 

4 “ 


HlM o 

I 


HlN 

4 - 


O O O rH 

O O O O 

O O O O 


o 


HKS 

I 


HlCQ HlN HlN Hid '^1'^ 

I I I 

cT o" jT 

Hid ’^1'^ 

+ 4 - 4 - 4 “ 


o o o o 


o o o o 


o o o o 


I _ JL 

cT 

eo 

Hid »^1N Hid 

4 - 4 - 4 - 

O"" 

CM eo 

X 

Hid 

4 - + 

^ « ^04 

I T 

H^ 

+ 


[VII 2 


here for illustration we take n 
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The reader will notice that the matrix is symmetric when 
r is odd, and skew-symmetric when r is even. 

We shall denote the invariant whose matrix we have obtained 

The substitution 

.f / — 0ix^ + otx^,X3=(XXJ + o^x^,...,x'|._■^=ax,_^ + lxx,.,.l■/z=o^JCJ 

2 //= ^ 2/2 + / 32 / s , 2 / 3 '= / 32/3 + / 32 / 4 . • • -. 2 /'.-. = tiVr-i + liyoVv^^Vr) 

will have an exactly analogous invariant which we shall 
denote by (», y). 

The substitution 

x^^0Lx^■^-a.x^, + x/ = ax,.i 

2/3'= / 32/3 + ^2/4- 2/4' = ^2/4 + ^ 2 /f>. • • - u'r-l = / iVr-l + 

has an analogous invariant which we shall denote by /g {x, y), 
and so on. 

The quantities 

/l (^. '2/). A («. 2/). ■»,fr{^yy) 

are evidently invariants of (i). They are the r independent 
invariants of (i) whose existence we proved before. 

We have 

/r (^J = ^rVri /r-i (^j V) = V - \ ’ 

y) = ^r-3c/r '"^/‘-22/r-l ^rVr-z 
and so on. 

The tenn of lowest weight* involving y,. has unit coefficient 
in each invariant. 

Now we suppose r 8, e. g. 8 > r. 

The argument is similar to that employed in the case of 
8 = r, and may be left to the reader. The invariants are 
those obtained in the case of 8 = r, but with yg~r+i»2/ii-r+‘>> ^ 2/« 

written instead of ... , 

This might have been anticipated, for the required invariants 
of (i) are obviously invariants of 

:=^ (xx^-^ (xx^, + xxy) 

y «-/•+! ~ /^ 2 /«-r+i ’b^ 2 /g-r +2 5 ••• j y «-i ~ ^Vs-i ■!" f^Vsiys ~ 


* The sum of the suffixes of x and y. 
t There is no invariant unless 0(/3 = 1. 
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We shall still denote the invariants by 

fi («. y)> y)y '-y fr (»> y)- 

Now take the case in which the pair of constituents (i) of iV 
is identical, so that 

a = A r = rs; 2/i = iTi, 

Any quadratic invariant of (i) will now be ^e^jXiXjy where 

~ ^7 1* 

Equating to zero in 1 e^j (x/xj -XiXi) the coefficients of 

we see that in the array (ii) (which should have been printed 
as a determinant, had space allowed) all quantities in the lead- 
ing diagonal and to the right of and above this leading diagonal 
must vanish. 

But the array (ii) is now symmetrical about its leading 
diagonal ; and hence, as before, all elements of the array (ii) 
must vanish. 

Hence, as before, there is no invariant unless = 1 ; and 
if = 1 the matrix (iii) takes the form illustrated in (iv) 
and (v). But if r is even, the matrix (iv) is skew-symmetric ; 
and therefore f^(XyX), obtained from f^{Xy y) by putting 
2/^ = 0 ;^, 2/2 = ‘^2» ••• 5 vanishes identically if r is even. 

Hence the required invariants are 

fi'{Xy X)y •••’ 

/[^(r + 1 )] in number.* 

We have 

,/r fi - 2 ~ X^^^X^.j 

X f'- 2^/’— 1 d* X y 

and so on. 

Return now to the canonical substitution N. Suppose it to 
be the direct product of substitutions on variables ... 

with characteristic-root a (a'^ ^ 1 ), of substitutions on vari- 
ables 2/1? 2/25 ••• with characteristic-root (and so on for 
each characteristic-root whose square is not unity), and also 
of substitutions on variables Z'g, ... with characteristic- 
root -f- 1 , and of substitutions on variables ^1, £2* ••• with 
characteristic-root — 1 . 

Then the most general quadratic invariant of N will bo, 
as explained at the beginning of the section, the sum ot 

* /[«] means ‘the integral part of a’. 
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a quadratic form on the variables X, a quadratic form on the 
variables a bilinear form on the variables x and y, and of 
similar bilinear forms for each characteristic-root whose square 
is not unity. 

The determinant of the quadratic invailant of N will be 
the product of the determinants of these quadratic or bilinear 
forms, of which it is the sum. 

Ex. 1 . What invariant is obtained by taking 

= 1, = «,3 = ••• = e,-, = 0 in § 2? 

[y, •^'i + 2/, - 1 ( - ■<^2 + ^3 - ^4 + - ■ • • ) 

+yr-^(.■h-'^GlX^+^GxX^-^C^^x^ + ...) 

+ 2/, - 3 ( - *'4 + ■’ ^-3 ^ C'a *0 + ® ^^2 ■'■7 - • • • ) 

+ •••)+••••] 

Ex. 2. Find the quadratic invariants of 
x'—y, ij — e^x^e.2^y. 

[If Cl = - 1 , a [x^ - e.^xy + /). 

If 61 = 1 and = 0 , a(x^ •\-y'^)-\-2hxy. 

If ^2 # 0 and 6] = 1 +^2, a{eiX±yf.'^ 

Ex. 3 . Find the independent quadratic invariants of 
x.{- -0L^x^-\’2(xx.y yi-y^, ^2'= 
where = 1 and a*^ 9^ 1. 

Ex. 4 . There is no cubic invariant ^a^ijiX^yj^}^ of 

(XX^’\-OiXo, ..., x'^_y:=^(XX^_i'}- 0LX,, x/^0iX,\ 

ifx^f^yx^^yi^ y'r-x = ^^Vr-x'^^Vn y/=fiy,\^ 

<^'1'= y-i-t y^2» ^',-1 = y^r-i-by^,, 

unless oc/3y = 1 . 

If (x^Sy = 1 , find the independent cubic invariants in the cases 
r = 1 , 2 , 3 . 

[r = 1 gives the invariant 

r = 2 gives and yA-i'^'i'-'^zhV 

r = 3 gives x.,y^z^; yA^2^:i-^A)f 

and a;iy2^3-"^i^3^2 + ^ 32 /i^ 2 “^ 2 ^i^ 3 -bi*^ 2 ^j- 2 ri--a?yy 2 ^u 

with — + ^3^1 ^3 + ^32/3^1 + ^2^3 ^3 » 

and two similar invariants. 

Discuss the cases /3 = y, y = ^ and a = ^ = y, x = y ^ z.’} 

* independent of theao. 

1C4B U 
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Ex. 5. There is no quartic invariant of 

ax^ + (XX,^, 0LX,_i + 0LX^, x/=^OCX,. N 

^i'=y^i + y^2> “M ^',-1= y^,-i + y^y^ I 

iv^ — hw^-Vhn).^^ ... , ?//^ _i = , iv,/=ow, 

unless OL^yh =1. 

If Oij^yh = 1, find the independent quartic invariants in the 
cases r = 1, 2. 

[r = 1 gives the invariant 

r=2 gives similar in- 

variants; (^i-e^g— ^ 2 '^i)(‘^i*^’ 2 -“^‘ 2 ^^^i) and a similar invariant.] 

^ 3. Quadratic Invariants of a Substitution Transformable 
into its Inverse. 

We now consider a substitution in which each invariant- 
factor (A — a)^, where a^^l, can be paired with an invariant- 
factor (X — These are of special importance as including 
orthogonal substitutions.* In fact, if A is orthogonal, A has 
the same invariant-factors as its inverse ; since -4'=A"\ and 
A and A' have the same invariant-factors whatever A may 
be. Therefore, by Ch. II, § 5, Corollary II, A must have its 
invariant-factors paired as stated. 

Suppose then the canonical substitution N has constituents 
with invariant- factors 

(A — a)« (A-a'^U) (^~■^)^ (A — a“^)^ (A-a)^ (A— cx''^)^ ... 
where a > 6 ^ c > . . . . 

The pair of constituents with invariant-factors (A — a)^S 
(X — gives rise to a independent quadratic invariants ; 
the pairs with invariant-factoi*s (A — a)^^, (A--a“^)^ and (A-~a/\ 
(A — to b independent invariants each; the pairs with 
invariant-factors (A — a)^ (A — and (A--a)^, (A--(X~^)“ to 
c independent invariants each ; . . . ; the pair with invariant- 
factors (A — a)^, (A — a"^)^ to b independent invariants; the 
pairs with invariant-factors (A — a)^’, (A — cx~^)^ and (A — a)^ 
(A — to c independent invariants each ; and so on. 

We thus get 

(it ”H26-}"2c + 2cj/-}-...) -}“ (6“|-2c-f*2(^'i".».) “b 
or (X-f-36+-5c-f-7c?-i-... 

independent invariants of if. 

* But such a substitution is not of necessity transformable into an ortho- 
gonal substitution ; see Ch. VXII, § 1. 



HERMITIAN INVARIANTS 


155 


VII 4] 

Suppose now that N has constituents with invariant-factors 
(A_1)/-,(X-1)* (X-iy, ... 
where h > k > I > .... 

The constituent with invariant-factor (A— 1)^' gives rise to 

/ independent invariants ; the pair with invariant- 

factors (A— 1)^^ and (A — 1)'^ gives rise to k independent in- 
variants ; the pair with invariant-factors (A— 1)^^ and (A — 1)^ 
gives rise to I independent invariants ; and so on. 

A similar argument holds for invariant- factors which are 
powers of (A -f 1). Hence : — 

The number of independent quadratic invariants of a 
buhstdation with Invariant -factors 

(A-af, (A~a-'f, (A-o()\ (A-a-i)^ (A-a)^ (A-a-^, ..., 
where a > 6 > c > ..., 

and with invariant-factorn 

(A-I)^ (X-1)^ (X-1)', .... 

where h > k > I > 

and invariant -f actons 

(A-hl)^ (A + 1)^^, (A + iy, 

ivhere p > q > r > . . . , 

is 

+ + + + !)] + ••• + (9 + ^'^ + ^®+ •••) 

+ 'E(a+3b+5c + 7d+ ...), 

the summation being taken over each distinct pair of reciprocal 
characteristic-roots of the substitution. 

Ex. Find the number of quadratic invariants of the substitu- 
tions of Ch. I, § 3. Ex. 6, 7 ; § 6, Ex. 8 ; § 9. Ex. 3, 5. 

§ 4. Hermitian Invariants. 

From the equations of § 1 defining A 

af2^2 "h • • • “f" 1 ? • • • > 

we deduce 

Xf' = df^X^ -f df2^2 "h • • • + {t = • • • 5 

If le^jX^Xj is an invariant of A, so that 

leijxfxj = le^x^x- (ij = 1, 2, ..., m), 


. (i) 
.(ii) 
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[VII 4 

we may consider as an invariant of the substitution 

of degree 2m formed by combining equations (i) and (ii) ; 
OJp cCgi •••» ^15 •••> Considered distinct 

variables. 

If P“MP = N, where N is the canonical form which is the 
direct product of substitutions of the type 

x^' = (xx^ + 0ix,j,, -f 0(x^, .r/ = ocx,, 

and P is 

then = .'A(? where ,7^ is the direct product of 

-f . . . , x^ , .f/ = a ) 

.r/ = a^j + 5i.r.3, ... , x/ = dr7 ^, ) ^ 

and P is defined by 

••• 

Hence the invariants Ee^-jXiXj of -4 (or aA) can be deduced 
from those of N (or ,7/)* Such an invariant will be Hermitian 
when e^j = Cy,;. 

Now if N is the product of pairs such as (i) of § 2, .T^^will 
be the product of substitutions such as 

— aaq-f aa’g, ..., x/= xx^^ 

yi = = /5ys-i y.' = ^vJ 

and 

ir/ = OLX^-^OLX^, ..., + 5.^,,, J/= ^ 

Vi = i^Vi + /^2/2> --M 2/Vi = I^Vs-i + t^Vs^ Vs = I^Vs ) ’ 

We have then as corresponding invariants of N of the 
required type when a/S = 1 and r = 8 

/i{^,y)<A{^>y)’ ■’■,fr{^’y) •••./-■(*. 2/)5 

and similarly when r ^ s. 

The functions /i, /g, •• are defined in § 2. 

There will be no corresponding invariant when (X/3 ^ 1. 

The corresponding Hermitian invariants of N are 

/, y) +fr (®. y)>A -1 y) +/, -i (®- ?/)> y) +/,- 2 (^> 2 /)- • • • 

i.e. y^x, + y,x„ &c. 

Take now the case in which N has a constituent 

x■^'= ax-^ + ax^, .... «',-!= otXi-i + ax^, «/= otx,. 



157 


VII 4] HERMITIAN INVARIANTS 

and therefore ^ has the pair of constituents 

Xi = <xx^ + ax^, = a + ax^, a/ = oix, ) 

If aa = 1,* .“A^has the invariants 

fi{x, x), f^{x, x), ..., f^{.r,re), 
while there are no such invariants if aa 1. 

The corresponding Herniitian invariants of N are 

. ^/r-l (^> *)' /)’-2 (®> ®)> '^fi—six>x), 

i.e. 

x,x„ iix,..-^x,-x,x^.^). , 

+ X, X^ ^ 4 ^ a;,.i ^ - 1 , &c. 

An argument similar to that of § 3 now shows that; — 

For a siihstitntioih A on Xj, x^, ..., with invariant- 
factors 

(\ - a)«, (A - d (A - «)'>, (A _ oi- (A - a)^ (A - d , 

where a>h>c>..., 

and with invariant-factors 

{h~()K {h-ff, (A-e)* 

where I « 1 = 1 cind h > k > I > ..., 

the number of independent invariants of the type le-XiXj is 
2 2 ((( + 36 + 5c + 7d 4* . . .) + 2 (6 4- 3 A; + 5^ -f . ..), 
and the number of Hermitian invariants is 

2(cK4"364‘5c4’7(i4"***) 4“ 2(6/4‘2fc4-3/4’.i.). 

The first summation is extended over each pair of charac- 
teristic-roots a and of A, and the second summation over 
each characteristic-root e of unit modulus j 

Ex. 1. Find the number of Hermitian invariants of the sub- 
stitutions of Ch. I, § 3. Ex. 6, 6. 7 ; § 6, Ex. 8 ; § 9, Ex. 3, 6. 

Ex. 2. Any substitution of finite order has a definite Hermitian 
invariant. 

* i. e. 1 a 1 - 1. 

t On the subject of invariants the reader may consult papers by C. Jordan 
in Liouville’s Journal, (1888) p. 849, (1905) p. 217, (1914) p. 97. 
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ORTHOGONAL SUBSTITUTIONS 
§ 1. Invariant-factors of an Orthogonal Substitution. 

We obtained in Ch. VII, § 2, the most general invariant 
of the canonical substitution N. 

If the determinant 



^12 • 

in 



^22 • 


(i) 

®ml 

• 

* ^mm 



of this invariant is not zero, the invariant can be reduced 
(Ch. Ill, § 6) by a suitable change of variables to 
y + x/+...+xJ, 

and the change of variables will convert iV into a substitution 
with -f X 2 ^+ ... as invariant, i.e. into an orthogonal 

substitution. 

It will be useful then to determine the conditions under 
which the determinant (i) does not vanish. From Ch. VII, § 8, 
it is clear that we may confine ourselves to the case in which 
A is the direct product of constituents each of which has an 
invariant-factor which is a power of A — 1, or each of which 
has an invariant-factor which is a power of A + 1 ; and to the 
case in which A is the direct product of pairs of constituents 
with invariant-factors such as (A — cx)^ and (A— (a^ 9 ^ 1). 

(1) Suppose, for instance, that A is 

x/ = a + iTg), .>2 = ^ (^2 + ^ 3 )^ ^3 = (xx^; 

x/=a(xi + X2). X2'= ^(xg + Xa), X3'=ax3; 

2/1'= «■' (2/1 + 2/2). 2/2'= a'^^ 2/2 + 2 /a). 2/3'= a"* 2 / 3 ; 

y,'= a"' (yi + Y‘z)> = (ya+Ya). y3'= ys ; 

^/= a(t', + a V= «(l,+?2). ?/= «?2; 

Sj = 0((aj+a2)) “2~®“2> 

vi'= (vi + ii), »)2'=«"*»/2; ’i/= «“*(’ii+’i2). ’ 12 '= o‘“‘’i2; 

H/= a-> (Hi + H^), U/rra-Ul^. 
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Let any quadratic invariant be (with the notation of 
Ch. VII, § 2) 

{ «/i y) + ¥i (x, y) + y) + dfi (x, y ) 

+ lf\ (6 rj) 4- mf] a 7]) + nf, (5, rj) +pf, (^, y,) +• gf^ (|, y]) 

+ r/A ^ , V) + H) + vf, (J, H) + wf, (S, H } 

-H y) + -*;} + 2 /) + “-}- 

The determinant of this invariant is symmetric and of 
order 24, the first 12 elements in the first 12 rows and the 
last 12 elements in the last 12 rows being zero.* Hence 
the determinant is minus the square of the minor determinant 
formed by the last 12 elements of the first 12 rows (or the first 
12 elements of the last 12 rows), which is of the type 


0 

o 

a 

o 

o 

/> 

0 

o 

o 

0 

o 

0 

o 

— a 

* 

o 

-b 
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o 

* 

o 

* 

o 

* 

a 

* 

♦ 

b 

* 

* 

* 

* 

* 

* 


* 

o 

0 

c 

o 

o 


o 

o 

o 

o 

o 

0 

0 

— c 

* 

0 


* 

o 

* 

o 

* 

0 

* 

C 

* 

* 

d 

* 

* 

* 

* 


* 

* 

* 

0 

0 


0 

o 

* 

o 


0 

— m 

0 

— II 

0 

* 

* 

0 

* 

* 

1 

* 

rth 

* 

It 

* 

o 

0 

* 

o 

0 

* 

o 

-p 

o 


0 

— r 

o 

* 

* 

0 

* 

* 

/' 

* 

7 

* 

1' 

* 

0 

0 

* 

0 

o 

* 

0 

— rt 

o 

— V 

0 

— w 

0 

* 

* 

0 

* 

* 


* 

V 

* 

VJ 

* 


the asterisks denoting certain quantities which are not zero in 
general , 

Now rearrange rows and columns in (ii) so that the rows 
and columns now in the order 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 
take respectively the orders 5, 3, 1, 6, 4, 2, 10, 7, 11, 8, 12, 9 
and 1, 3, 5, 2, 4, 6, 7, 10, 8, 11, 9, 12. 

The determinant (ii) now becomes 


a 

b 

* 

* 

* 

* 

* 

* 

* 


* 


c 

d 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

o 

o 

— a 

~b 

* 

* 

0 

0 

0 

* 

* 

* 

0 

o 

— c 

-d 

* 

* 

o 

0 

o 

* 

* 

* 

o 

o 

o 

o 

a 

b 

o 

o 

o 

o 

0 

o 

0 

0 

0 

0 

G 

d 

o 

o 

o 

o 

o 

o 

0 

0 

* 

* 

* 

* 

1 

m 

n 

* 

* 

* 

o 

0 

* 

* 

* 

* 

p 

7 

r 

* 

* 

* 

o 

o 

* 

* 

* 

* 

li 

V 

w 

* 

* 

* 

o 

o 

o 

o 

* 

* 

o 

o 

o 

-1 

— m 

— n 

o 

o 

0 

0 

* 

* 

0 

0 

0 

-p 

-7 

— r 

o 

o 

o 

o 

* 

* 

o 

o 

0 

— U 

— V 

— IV 


* For there 

is no 

invariant such as /, 


rr), &c.. 

, since 

a2 /- 1. 
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Hence neither 


i 

i 


13 

1 

m 

n 

X 

P 

q 

r 


u 

V 

w 1 


a b 

1 

1 

'III 

n 

G d 

nor 

p 

Q 

r 



1 

V 

w 


must vanish ; and a similar result holds in the general case. 
The reader will easily verify in a similar manner that (ii) 
always vanishes unless the invariant-factors of iV are grouped 
as in Ch. VII, § 3. This agrees with the theorem proved in 
that section for orthogonal substitutions. 

(2) Now suppose that N is, for instance, 

“f" 3/25 ^2 ~ ^2 "h ^J5 ~ '^*3 > 

x/=Xi + X2, x/=X2 + X3, X3'=X3; 

£^2 = £ 12 * 

The most general quadratic invariant has now a determinant 
such as (ii), but with 

6 = 0 , I :=z q ’=z w ^ 0,t p = '-m, tt = —Thy V •=■ — r \ 
so that 


a 6 I . I m n \ 

^ I is symmetric and p q r \ 

lb V 70 i 


skew-symmetric. 

But a skew-symmetric determinant of odd order vanishes. J 
Hence an orthogonal substitution cannot have an odd number 
of invariant- factors of the type (A — 1)'* or an odd number of 
the type (A -f 1)^, where r is a given even integer. 


Hence : — 


A subtititution w trunsfovvbahle into (in oiihvjjonal sub- 
stitibtion if and only if it has not (jot exactly (2 p + 1) invar ia nt- 
factors of the type (A — 1)^ or of the type (A-f 1)^’, where r is 
a given even integer^ ivhile its invariant-factors which are 
not 2 ) 0 tvers of (A — 1) or (A + 1) occur in pairs of the type 
{h — OiYy (A — 


It is easy to construct an orthogonal substitution with given 
invariant-iactors satisfying the conditions expressed in this 

* Cf. Ch. VI, § 4, Corollary II. 
t Since £), A (£, £), /i(H, S) vaxiigjh identically. 

I Otherwise changing rows into columns would alter its sign. 
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theorem. We have only to write down a canonical substitu- 
tion iV with the given invariant- factors, take any invariant 
with non-zero determinant, and put this invariant in the form 
+ + + by Ch. Ill, §6. 

Now express N in terms of •••> becomes 

the required orthogonal substitution. 


Ex. 1. Find an orthogonal substitution with invariant-factors 
OCX, y'=:^ oc~^y has the invariant 


Hence if we express x'= ocx, y'= oc~^y in terms of 

f = -i (x + y), V — h 0'^- 

we get the required orthogonal substitution. Tt is 




OK + a"’ . .a — 


7J, 7/ = I 


. a — a~ 




a-h0(~'' 




Ex. 2. Find an orthogonal substitution with the invariant- 
factor (X— 1)'^, and an orthogonal substitution with the invariant- 
factors (X— 1)2, {X — 1)2. 


§ 2. Transformation of one Orthogonal Substitution 
into another. 

Just as in Ch. VI, 5 and 6, we proved that it was possible 
to transform the symmetric substitution A by a suitable 
change of variables so that A became a canonical substitution 
and q. , . . q. certain canonical shape, so we 

can prove that : — 

is orthogonal, we can transform A into the canonical 
substitution N, ivhich is the direct product of substitutions 
of the type 

a {x^-¥x^), ..., = a{x^.^^-{-x^), x^!~ ax^ ] 

2//= a'' (2/i + 2 / 2 ). ••• . (2/,-i + 1/r), Vr = « > 2 /,)’ 

where either oc^ 1 or else oc^ = 1 and r is eveiiy and of 
substitutions of the type 

X'^oc{X,^X,), ..., ZVi= o((Z,.,-f X,), X/= o^X,, 

ivhere oc^ = 1 and r is odd; and at the same time transform 
into the sum. a of functions of the type 

X 


1«4I 
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f^{x,y) and f^(X, X) respedively ; t\ being defined as in 
Ch. VII, § 2. 

The theorem will be proved in § 3. 

We shall assume its truth for the present and deduce the 
theorem : — 

Any given orthogonal substitntion can be transformed into 
another given orthogonal substitution with the same invariant- 
factors by an orthogonal substitution. 

For we can choose substitutions P, Q such that 
p-^i\'P = A, = 

where X is the canonical form of A or B, and such that P and 
Q transform + x^ into <t. 

If G is the substitution corresponding to the bilinear form a, 
we have, by Ch. Ill, 1, 

■/^P'=a QQ'^C, 

Hence, as in Ch. VI, § 5, the orthogonal substitution P^'^Q 
transforms A into B. 

Again : — 

Any given quadratic invariant with non-zero determinant 
of a substitution A can he transformed into any other given 
quadratic invariant ivith non-zero determinant by a change 
of variables 'ivhich does not alter the substitution. 

Let the substitutions corresponding to the two given in- 
variants h and h of A be li and and let P and Q be the 
substitutions transforming h and Ic into o* and such that 

P^NP^A, Q-^NQr=A. 

Then, by Ch. Ill, § 1, we have 

PPP'= C, QKQ'= C, 

Hence Q'^^P transforms h into Jc and is permutable with A 
for 

(Q“iP)//(Q-'P/= Q ' . PHP\Q'-^ = Q ^GQ'-^ = K, 

and 

(Q-iP)"M(Q 'P) = P ' . QAQ-^ ,P^P~^NP^ A, 

Ex. 1. An orthogonal substitution can be transformed by an 
orthogonal substitution into the direct product of an orthogonal 
substitution with no linear invariant-factor and of substitutions of 
the three types 

(in) ic'=cos^. a:— sin^.^, /= sin ^ . a;-f-cos^ . y. 
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[It is evident that an orthogonal substitution can be constructed 
of this type having the same invariant-factors as the given sub- 
stitution.] 

Ex. 2. A given real orthogonal substitution can be transformed 
into another given real orthogonal substitution with the same 
invariant-factors by a real orthogonal substitution. 

[Use Ch. I. § 15.] 

Ex. 3. Transform the real orthogonal substitution 

^x' — ^x-y-^Sg, %yi — —lx-\-iy-\-Ag, 9/= — 4a:— 8y-l-J 
into x'= -y, y’= x, z'= g. 

[Transform by 

ix'=x+2y->r2g, Sy'= 2x+y-2g, 3/= 2a-2y-t^^.] 

Ex. 4. Transform 

2x^ + 7y‘^ -h 20/- + 2iyg+ 12/* + 7 xy 
into • 4a;'H 16«/^-H52/*-l-56y/-f 28/a)-l-16a:y 

without altering the substitution 

A = (3a:-f 4y-f8/, —Sx—By — Sg, x + y + Bg), 
of which they are invariants. 

[If P = {-2y~g, 2x+By+2g, -x-y-z), 

Q = (2y—g, —2x—y-Bz, x+2g), 

N={x^y, y^g, g), C = {-g, y-hz, -x-\y), 

H={2x->tly + ^g, Ix+ly + nz, 6a;-|- 12y-t20/), 

K={ix + ^-y + lig, 15y-|- 28/, 1 l.T-l-28^-f 52/), 

we have P~^NP — A, PHP'=C, QHQ = C. 

Hence the required transforming substitution permutable with 
A is Q-U^ = {-Bx-iy-Sz, x-y, y + z)-'} 

§ 3. 

We now prove the first theorem of § 2. The proof is very 
similar to that of Ch. VI, §§ 6 and 10, except that A is ortho- 
gonal instead of symmetric or alternate. 

Suppose that, when we replace 

Xf by r,!*! -t- + •■• + '»■/«. (i = 1. 

A becomes iV^ and + X 2 + ... becomes ^J^jX^Xj. 

Then B-^NE = A and RR'= F (Ch. I, § 5, and Ch. Ill, § 1). 

By Ch. VII, § 1, ^fijOCiXj is an invariant of N, since 
Xi^ + X.^^ + ...+ x,,^ is an invariant of A . 
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Assume now that D can be chosen so that, when we replace 

+ + 2, m), 

N is unaltered and becomes cr.* 

Then D'^ND = N and DFD'= a 
Hence, if 

F = DR, P-^FF = . D'liVZ) . R = R-^NR = A, 

and PP'= DR . E'D'= G, 

so that, when we replace 

by Pn^i+Pi2^2+^-’^Ptm^m {t = 2, 

A becomes iV'and 4- 0 ^ 2 ^ + . . . + becomes cr. 

It remains then to justify the choice of D. As in Ch. VI, 
§ 6, we may confine ourselves to the case in which N has only 
one distinct characteristic-root. 

If we perform the transformation (iv) of Ch. VI, § 6, on 
/i 2/)? we obtain 

{ fr (a. -/i U' y) +/,-! («, h) ./j {x, y) +/,.2 (a, h) ix.y) + ... 

+/i(‘^.^) •/»•(“:> 2/)} 

•when r is even, and 

{/, (a, 6 ) ./, {x, y) {a, h) .J\ {x, y) +/,.2 (a, h) ./g (a:, j/) + ... 

+/i(«> ^)-/r(*. 2/)} 

+ 1 {/,-i («. ^')/4 +/- -;i («. 0 - A (^■. 2/) + ••• 

, . ,, +/4(«.^)-/r-l(*.2/)} 

when V is odd. 

This may be proved by induction as follows : — 

Tlie result is easily verified to be true when r = 1, 2, 3, 4, 5. 
Assume it true for all values of r up to the one considered. 
Since y) is an invariant of 

a;/= a {x^ + .tg), . . . , = a + x^), x^'= ax, | . 

yi = i^(yi+y-2)> •••. y'r-i = iHy,-i+yr)>yr'= i^yri 
where oc[3 — \ , and since the substitution (iv) of Ch. VI, § 6, is 
permutable with N, therefore {x, y) must be transformed 
into another invariant of -V, e. g. 

y) + hfi i^^y) + y)+---+ K-Jr-i y ) + A 

If in ff {x, y) we put x, and y^ zero, we get the result of 

changing x^^, a'^, x^, ,.., x^ into 0, Xj, x^, .... x,.^ 

and 2 /i, 2 / 2 , 2 /g, ...,y^ into 0, y^, y^, .... y,.^ 

~fi+ii^>y)> as is obvious from the matrix of ff(x,y) as 

given iu Ch. VII, § 3. 

Whatever substitution permu table with K D may be, D transforms 
'^fij ^ j ii^to an invariant of N, 
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Hence by the given transformation the invariant {x, y) of 

nr “f* ^ 2 )^ • • • j ^ ® (^r-2 "i” ^ r—\ ^ ) 

2 / 1 “^ ( 2/1 2 / 2 )’ ••• J 2/ r-2 ~ (2/r-2 "h 2/r-l)j 2/ r-1 2/r-l ^ 

is transformed into 

/-l/l 2/) + hA (^, 2/) + • • • + ^V-2/r-2 2/)- 

But the result is assumed true when r has any value less 
than the one considered, so that /cj, have the 

values stated in the theorem we wish to prove. 

Also, when wc actually perform the transformation on 
fi{x,y)j we can pick out the coefficients of y) and 

//• (^> 2 /)) obtaining k^—f^{a,h) and ^ /^{a, b) or 

/g (a, h) 4-^/4 («, b) as r is even or odd. 

(1) Suppose we first consider a case such as that in which 
iV is 

x/= (X (xj+x^), a (a'g-f 03^), o(X.^ : 

2 //= (2/1 + 2/2)^ 2/2'= (2/2 + 2/3)* 2/3'= I’^lh ; 

= 0 ( (^2 + ^2)) ^2 ~ ^^2 I ^ 
0 ?l + ’? 2 )> V 2 -/^V 2 > 

where = 1 ; so that iV is the direct product of a pair of 
substitutions of degree 3 and a pair of lower degree 2 . 

Any invariant of N takes the form 

[ (//i {X, y) + a'f,^ (x, y) + (x, j/) ] + ; df^ (^, ij) + dj\ (^, y) ] 

+ I ¥i + Kf 2 v)} + { 2/) + c'/o 2/) j . 

Now put 

-f /c.r^ + ^3 for for 

iji + Z^o + r^/g for >;i, 7/2 +^2/3 for 
This will not alter A, and will transform the invariant into 
[ Afi 2 /) + -. + ...] + { (//i (f 7 ?) +...} + { BJ\ (X, 7 ,) + ii/2 ^)) } 

+ {CfA^^y) + ^'Ai^ 2 /);- 

Then we can choose k, k', I, I' so that B, B', C\ C' vanish ; and 
the invariant is the sum of a bilinear form on x, y, and 
a bilinear form on rj. 

Similarly in such a case as that in which N is 
x'^(x{x.-]-x.y x.^'= afe + x.), x'= 0 ix.\ ) 

+ a f 2 '=o^f 2 ; x/=o^(z, 4 -Z 2 ), x;= axj’ 

where ol^ — 1, we put 

+ kx.^ 4 - k'x.^ for f ^ for ^2 ^ 
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and then choose /c, k\ ly V so that the invariant becomes the 
sum of a quadratic form on Xj, quadratic form 

on ^2. Aj, Zg* 

(2) We can now confine ourselves to the case in which N is 
the direct product of constituents each of which is of the same 
degree. 

Suppose N is, for instance, 

x^— a (0^1 4-0:2), = a a;/= ax/ 

2 /j ~ (2/1 "h 2/2)’ • * • j y r-\ “ ^ (2/r- 1 "h 2 /r)> Vr ~ ^Vr ^ 

^/= a + - a iir-.+ irh ’ 

Vi'= /3 (Vi + V 2 )> •••» v'r-l = i + ^r)^ ’//= i^^r) 
where a/:J = 1. 

Any invariant of non-zero determinant is 
[^/i 2/) +<^^72 2/) +^'73 2/) + •••} + {7i V) + ] 

+ {o/,(e,2/)+*..} + {#i(^, >?)+-;> 

where ^ ^0. 

Put 

+ for teg 4 ^2> •“> for x J ^ 

mxj + ?i;£j for 'mXg + 'U^fm’ ^2, ..., + for 

Then Z is unaltered and the invariant becomes 
[ A/i (x, 2 /) 4 A'/g 2/) + ^'73 2 /) 4 . . . ] 4 { £/i (x, r?) 4 . . . } 

*h {^1 (^> 2/) 4 ...} 4 ^) + •••}> 

where 

4 = aA’4nn, B = bk-\-dm, G = al-\- oiy D = bl'^cla. 

We can choose A;, 2 , m, 71 to make A = i) = l, £=(7 = 0 ; 
and then we can apply the method of ( 1 ) to transform the 
invariant into the sum of a bilinear form on x, y and a bilinear 
form on rj without altering N. 

Suppose, again, N is 

a;/= a(xi 4 X 2 )> ^7= + ^/= , 

^5'= + x/=a(x^ 4 x 8 ), X 8 '=ax 8 l' 

where a^ = 1, being the product of four constituents each of 
even order 2. 
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The determinant of any invariant of N is of the type 


0 

^1 

0 

'^*12 

0 


0 

’*14 

-^11 

* 

“"'^'12 

* 

‘“'^13 

* 

-’’u 

* 

0 

'^’21 

0 

^’22 

0 

^'23 

0 

’’24 

“•'^’21 

* 

"“'^’22 

* 

-^^23 

* 

-’’■24 

* 

0 

'^31 

0 

^32 

0 

^13 

0 

’’.14 

~^’31 

* 

*“ ^'32 

* 

— ^’33 

* 

-’’34 

* 

0 

V 

Ml 

0 

^2 

0 

^’43 

0 

’’44 

“^1 

* 



M2 

* 

-^3 

* 

-’’44 

* 


(the asterisks denoting as before quantities not necessarily 
zero), w-^here >. . r,, 

Ml M2 'n M4 

' ’'-il '>'■>■1 >h ’’24 I 

’’31 ’’32 ’’.(3 ’’34 

^41 ^42 ^44 

is skew-symmetric 
Put now 

ciiyC^ lor 

C/ 2^ "j- Cl 22 *^3 "t" ^ 23 "1" ^ 24 ^'7 ^ d » 

a 31 a?! -f- 0^32^3 + ^^33^5 "k ^34^7 ‘^'.5 ’ 

^^41^1 +<^42^3 + ^43^d*k^44^^7 ‘^7’ 

(1 1 ] '^ 2 "t 1 2 ‘^ 4 13 ^'o “t 14 *^8 2 \ 

^^21 ^2 “t ^*^22‘^4 “t ^23^6 "t ^24^8 ‘^ 4 

^^31 ^2 ^^ 32 '^ 4 * 1 ” ^ 33^6 * t * ^^ 34^^8 I 

^^41‘^ 2 “t ^42^4 "1" ^43^ 6 ”1" ^^44^8 ^8 ^ 

the constants ctij being chosen so that the substitution of 
ctfiX^ af2X2 + (if.^x ^-\- tor Xi) ^ 2 3 
^bi?yi + «/22/2 + ^b 3 .V 3 + ^b 42/4 for ^ ^ 

reduces the alternate bilinear form 2 riphXj to 

^ ^\} i^UlVl + ^b'22/2 + ^b-32/3 + <^^ 42 / 4 ) (^jl^l + «;2« 2 + + a;4i^‘4) 

= (2/1^2 ""2/2‘^i) + (2/3^4-2/4^3) + (2/5^6-2/6^6) + (2/7«^S “ !/8^'7) * 

Then the matrix of the invariant takes the form 

o o olo o 00 

o sic — l>Ho * o* 

0 — 1 000 o 00 

1 :fc 0*0 * 0 * 

o 0 000 o ol 

o * 0*0 *■— 1* 

o o 000 1 0 o 

o * 0*1 * 0*1 

* See Ch. Ill, § 7 . 
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We now put 

tel + -f ^5 for Xr^, Icj^i-lcx^i-XQ for 
lx^-\-V x^-{-x^ for Xrjy Vx^-\‘d\ for x^Y 

and by a proper choice of h, k\ Z, I' we can reduce the invariant 
to the sum of a quadratic form on x^y x,^y x^y and a quad- 
ratic form on Xr^y x^.y x^, x^ as in (1). 

If N is the product of constituents each of the same odd 
order, the procedure is nearly identical with that used when 
discussing symmetric substitutions in Ch. VI, § 6, (2). 

(3) We can now confine ourselves to the case in which N 
has a single pair of invariant-factors (A — a)^ (A — a'^)^ where 
oc^^ly a pair of invariant-factors (A— a)^ (A — a)^‘ where 
= 1 and r is even, or a single invariant-factor (A — a)^’ where 
= 1 and r is odd. 

We will take one of these cases, leaving the other two as an 
exercise to the reader. 

Suppose, for instance, V is 

«■/= (x{x^-\-x.^), x\.y = ix(x^_y + x,), «/= (\X,, ... (ii) 

where = 1 and r is odd. 

Any invariant of N' of non-zero determinant is 
h fi + h /a + k , /; {x, x), where k^ ^ 0, 

remembering that, if r is odd, /6(^>^’)> •••> 

vanish identically. 

Put + 2 ^ 3 + ••• 

a^.x. 2 ^ 1 .^ 3 + ... -f (^0?^ for xA 


a^,Xj. for x^ I 

This does not alter N and reduces the invariant to 

/i + ^^3 /s + • • • + A ‘A 
where = k^ f, (a, a), = k^fr^ 2 , («» + Kfr «)» 

^3 = Kfr 4 + Kfr- 2 + Kfr «)» (li^) 

Choose a^_i = ay_ 3 = = 0 

(or take any other arbitrarily chosen values). Then we can 
choose in turn satisfy the equations (iii) 

when we take 

ifi=l, = = 

remembering that 

fria,a) = a/, fr^i{a,u) = 2a,.a^_2-“Vi + «/-i«/-. 
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We have thus reduced any invariant of iV to the form 
fi without altering W, as required. 

Ex, 1. Find the number of orthogonal substitutions permutable 
with a given orthogonal substitution having a single invariant- 
factor (A — 1)^, where r is odd. 

[It is sufficient to find all substitutions permutable with 

and having fi (x, x) as an invariant.] 

Ex. 2. Find the number, if the given orthogonal substitution 
has the pair of invariant-factors (A -- (A — a " l)^ 

[Other cases may be taken as examples ; for instance, the case in 
which the given substitution has the pair of invariant-factors 
(A — 1)^, (A — 1)^, where r is even.] 

Ex. 8. If we perform the transformation (iv) of Cli. VI, § 6, on 
the invariant (x, y) of Ch. VII, § 2, Ex. 1, we get 

y) + 'P,-i{a, b).xl>, (r, y). 

[Put = 0, and use induction.] 

Ex. 4. Show that the substitution (i) of § 3 is transformable 
into its inverse by the substitution K 

^2””^ ^ 1 ^ 3 + ^61^4— . . 

^3""— i/a 4 , + • * • 

IJy = — — I 

i/2 ~ '^’2 “ ^^1 ^ 1 + ' C ] X ^ — x ^-}- 

i/3 ~ 


Show that K = E, and that K has {x, y) as an invariant. 

Prove a similar result for the substitution (ii) of § 3. (See 
Ch. I, § 5, Ex. 5). V ; . V 

Deduce the theorem of Ch. II, § 7 ; and show that if in that 
section A is orthogonal, A is the product of two orthogonal sub- 
stitutions of order 2 (which are therefore also symmetric), each of 
which transforms A into its inverse. 

§ 4. Substitutions with 

Xj Xi -f . , . -f XfeXk --Xk4.j . , , —Xn^ Xnj 

as Invariant. 

As in § 1, we prove that: — 

A substitution is transformable into a substitution with 
a Hermitian invariant of non-zero determinant if and only 
if its invariant factors, which are not of the type (A — ef, ^vhere 
I e j =1, occur in pairs of the type (A — a)®. (A — 

I64r) Y 
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If the canonical form K of such a substitution A is the 
direct product of substitutions of the type 

= (X (iCj + X.), = a (Xr-i + Xi), x' = <XX^ ) 

= oi-MZ/i + y^l .... 2/'r-l = «■' (2/r-l + V , )- Vr' = 2/r i 

where ] a ] ^1, and of substitutions of the type 

W/=a(X, + X,), = + X/=aZ„ 

where | 0( | — Ij "we can, without tiltering X , transform anj- 
given Hermitian invariant of N with non-zero determinant 
into the sum (t of functions of the type 

±W'' 

respectively. 

The proof is similar to that of §§ 3, 3, but is somewhat 
easier, as we escape the complication introduced by the fact 
that /i {x, x) = 0, if r is even. 

As before, it will follow that A can be transformed into N 
while a given Hermitian invariant of A with non-zero 
determinant is transformed into <t. 

Now either {x, y) -1- f, {x, y) or ±(i)’-Y, (X, X) when put 
in standard form by the method of Ch. Ill, § 6, is of the type 

Take, for instance, the case of r = 5. 

{iy~^f-^{X ^X) = + + 

-f A"4 ( — X2 ~ I X3) + X 5 (Xj + f X2 + ^ X3) 

= {xXg-fxX^} 4- { — X2X4-f X3(X3~'|X4)H-X4(— X 2 — -iXg)], 

where x = X^ 4- 1 X2 4- 1 X3. 

Now' 

2 (x Xg + xXg) = (x 4- Xr,) (x + X.) — (x — X5) (x — XJ 

and 

— X2X4 4-X3(X3-~|X4)4-X4('-X2 — -IXy) is (i)** (X, X) 

when r = 3 and Xj, X2, X3 are replaced by Xg, X3, X^. 

Hence, if the statement is true when r = 3, it will be true 
when r = 5 ; so that we establish the result by induction. 

Similarly, in the case of (»*, y) +/i(^, y) put (when r = 5) 
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a hermitian invariant 

Suppose that when the given Hermitian invariant of A is 
put in standard form it becomes 

where we may suppose without loss of generality that 
2k > m. 

Then we have, exactly as in Ch. VI, § 12 : — 

*A cannot have more than 2(m--^) characteristic-roots 
whose modulus is not unity. If exactly 2k --‘m characteristic- 
roots have unit modulus, the corresponding invariant-factors 
are linear ’ ; 

and similarly for the other two theorems at the end of Ch. VI 
substituting ^ chai'acteristic-root with unit modulus * for ‘ real 
characteristic-root 

Ex. 1 . Find a substitution with invariant-factors (X — (X), (X — S 
having xx—ylj as invariant. 

[A substitution N with these invariant-factors is /= 
oi and it has as Hermitian invariant with non-zero 
determinant 

o (-<7 = XX- YY, where x-X + iY, y=iX+Y 

(see Ch. Ill, § 6). But when N is expressed in terms of X, F, 
it becomes 

X' = 2(a + a-')Z + ^(a-a-*)r, 

r'=:|(-a + a-’)Z + ^(a + a-’) Y, 

which is the re(j[uired substitution, when we replace X, Y by x, y. 

This method enables us to find a substitution with Hermitian 
invariant 4- ^ *** 

and any given invariant-factors consistent with § 4.] 

Ex. 2. Find a substitution with invariant-factor and 

invariant xx—yy. 

Ex. 3. If A + jEJ has non-zero determinant, where A is alternate, 
is orthogonal (a so-called ‘Cayleyan’ orthogonal 
substitution ; see Cipolla, Aiii deW Accad* Gioenia di ScL nat. in 
Catania, 5, VII, p. 1). 

Every orthogonal substitution is the product of a Oayleyan 
substitution by a substitution of the type (±ir|, ±a? 2 > •••> 

What is the corresponding result for a substitution with 
invariant ... ••• 

* See Loewy, Math. AnncUen^ 1 (1898), p. 567. 
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FAMILIES OF BILINEAR FORMS 


§ 1. Family of Bilinear Forms. 

The bilinear forms 

ihJ = 1 . 

obtained by varying X are called a family of bilinear for ms, 
Suppose that by the substitution of 

Pn^i + • • • + Pt„i for I n } 2 m) 

7nyi + < 112^2 + • • • + <Z(« y,,, for y,„ P >>•••. ^ 

Sa/y 2 /;Xy becomes and ^biiy^Xj becomes ScZy^y^x-.f 

Then evidently the family 

becomes 2c;yy.x.-X2(;,.;y^.x.. 

By a suitable choice of x^, x,^p y^, ..., we can throw 
2c^-y y^-Xy — X2c?^-y;Xy into a comparatively simple shape. 
This process will be given in § 2, 

It has been proved in Ch. Ill, § 1, that the invariant- 
factors of the determinants of the forms 

- <( ij Vi Xj - A 2 h..y. »• . an d 2 r',-; y ,• x- -\ldij y^X; 
are the same. 

It we take 

Vl ~ ^1’ 2 / 2 ~ •••? Vin ~ 

we obtain 2 ^, family of quadratic forms. 

Similarly, by taking 

2^1 = (Tj, 2/i ~ ^*2’ > Vni ~ ” d//, b^j = bji^ 

we obtain family of Her mitia a forms. 

We shall suppose in §§ 2, 3 that the determinant of the 
form Iib^jy^Xj does not vanish. 

* Etne Schaar von bilinearen Formen. 

t By Ch. Ill, § 1, C = PAQ'y D = PBQ'f with the usual notation in which 
A the substihition corresponding to 2 a^jUi .r^, &c. 
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§ 2. Reduction of a Family of Bilinear Forms to its 
Canonical Shape. 


The family of bilinear forms can be 

reduced to the canonical bhape 


a (x, y) - A (xiYj + x.y., + . . . + x,„y,„), 


ivhere (/(x, y) is the snm of bilinear forms of the type 
yi(axi + X2) 4- y2 (ax2 + X3) + . . . + y,_i(otx^..i + x,) + y^(a x^), 
provided the determinant of does not vanish. 


Suppose variables £j, ?;j, r/g, Vm chosen so 

that 'Ib^py^Xj becomes 

^i’h + ^2»J2+ •••-f nm 

(see Cb. Ill, § 3). 

Let 2a>iy^Xj, when expressed in terms of these variables, 
become Then the family, when expressed in terms 

of the ^’s and the t^’s, becomes 


2 - A (f J »)] + ^^2 ’jg + • • • + tn m) (i) 

If the determinant of la^yiXj and therefore the determinant 
of IcijTji^j is not zero, we put 

^I = 2^n^l+Pf2^2+---+Plm^m\if o 

vt = inyi+'Ji2y2+---+<Jiu,7mO ’">•••> 
where Q' := F~^ and FCP'^ is a canonical substitution 
(Ch. I, § 9). Then the required transformation is performed, 
for by Ch. Ill, § 1, 

^i’/i + ^2»72+ ••• + = Xiyi + X 2 y 2 + ... +x,„y,„. 

If the determinant of vanishes, we write (i) in the 

form 


— (A 4-€) 4- ^2^/2'!' ••• + 

and take P~^ as the substitution transforming into 

canonical shape, (e is chosen so that the determinant of 
C-\^^E does not vanish.) 

Then we reduce 


2c,;yr7;f/ + € + . .. 4 

to the sum of bilinear forms of the type 
y, ((a 4- €)x, 4- x,) 4- . . . 4- y^- 1 ((a 4- €) x,^ j + X, ) + y , ((a 4- «) X, ) 
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and also reduce 

+ «) (^1 »7i + ^2 + • • • + imVm) 

to (A + €)(Xiyi + X 2 y 2 +...+x,„yJ, 

which completes the required transformation. 

Since transformation of the variables does not alter the 
invariant-factors of the determinant of a family of bilinear 
forms, the invariant-factors of the determinant of 

laijyiXf-XUijiJiXj 

are (A — a)', &c. 

Conversely : — 

If the determinants of two families of hili near forms 

nnd 'ZCi-HiXj-X'S.d^yiXj 

have the same invariant-factors, and the determinants of 
^biiyiXj ami ^di-yix. 

do not vanish, one family can be transformed into the other 
by a suitable change of variables. 

For both families can be transformed into the same family, 
which is the sum of forms of the type 

[ i/i (oix^ + 0^2) + . . . + Vr-i + x,) -h yAocx ,) } 

Corollary. 

The family of bilinear forms can be transformed into the 
sum of families of the type 

{(a — A)(2 /iX^ i + 2 + ••• + 

+ (// 2 ^^’r + + • • • + ) • 

For the determinant of this family has invariant- factors 
(A — a)^ &c., as is readily verified. 

Ex. 1. Transform 

(y 1 (4 + x^) + y^ (9 x^ + Sx.^i-l x.^) + yg (7 ^ + 3 x.^) ] 

- A {^1 ( - 2a;2 -^g) + ^2 (2*^1 + 3072 + 4- ?/3 ( ~ ~ ^2 - ^ 3 ) ] 

into canonical shape. 

[Put = - 2x2-x^, ^2 = 2.ri + 3iC2 + 2a;3, ^g = -x^-x.^-x^. 
The family becomes 
{2/i(3^i + i2-2^g) + y2(2^i + 3f2-3f3) 

+ ^3(4^i + 2f2'-3fg)}-A + 
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Now + 4 0^1 -f 2x2— 80^3) 
is transformed into (X1 + X2, x^-^rx^, x^) 
by (xi, 2xi + X2~2x3, -2X1 + X3), 

whose inverse is (Xj, 2xi-\-X2 + 2 x^, 2 xi-\-x^^). 

We put then 

= *1 . 6 = 2x] +X2 + 2X3, ^3 = 2x, +x, ) 

2/1 = yi + 2y2-2y3, !/2 = J2j */.) = -2y.. + y3' ’ 
and the family takes the canonical shape 

{ yi (*i + *2) + y2 (*2 + *2) + y.! f - ^ [*i yi + *2y2 + * 3 y 3 1 •] 

Ex. 2 . Transform into canonical shape 

{ - 4 1 /, ajj + (2 ari - } - A I - 2 a:, + ajg) + 2/2 (a-i - a-a) ; , 

and [y, ( - 2 x.^ - 2 a;;,) + (2 a;i - 5 ar^ - 2 a;^) + 2/3 (ari - 3 ajg - 2 ,r,,) } 

- X fj/i (2 a'a - a;3) + 2/2 ( - 2 a;, + 3 a-a - a:;,) + ^3 ( - a;] + 2 a-a - a's) ] . 

§ 3 . Reduction of a Family of Quadratic Forms to its 
Canonical Shape. 

The family of quadratic forms 

^ a ^ j Xj Xj — A. ) 

where a^j = aj^ and b^j= bji^ can be reduced to the sum <r of 
families of quadratic forms of the type 
{ (Of - X) (Xj X, + X2 X, .1 + X 3 X ,.2 + • • • + X, Xj) 

+ (X2X, +X.3X, +X,X2)}, 
provided the determinant of does not vanish. 

Let fi, ^2’ independent linear functions of 

Xj, X3, such that 

XjX,.+ X2X^_l+...+X^.Xi = + ... 

and similarly for each constituent of the sum o*. 

For instance, we might take 
v'2^i= Xi + x,., V'2^,= /(xj-x^), ■/ 24 = X2 + x^_i, 

'/2f,-i= •i(x2-x^.i), &c. 
Suppose that this reduces the sum of forms such as 
a (x^x^ + X2X^_i + . . . + x,x,) + (xgx, + X3X^_i + . . . + x,X2) 
to and that K is the corresponding symmetric 

substitution. 
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The invariant-factors of the determinant of cr are readily 
seen to be (X — &c., and therefore the determinant of 

has the invariant-factors (A - a)^, &c., which may be supposed 
the same as the invariant-factors of tlie determinant of the 
given family, since oc and r are at our disposal. 

Choose now independent linear functions Ag, A,,^ 
of , . . . , .r so that 


Suppose lajj 


2bi,XiX. = X,^ + X‘^ + ... + X,/. 

and let A, C be the symmetric 


substitutions corresponding to these two forms. 


Take now the orthogonal substitution P such that 
POP ^ ^ K ((di. VI, § 5). 

Since P ^ = P\ the transformation 


Pim^m 

transforms 2 e^-X^X- into IS 

and A;^^ + A,2 + . . . + A,;^ into + . . . + 

Hence the family aijXiXj be transformed 

into 22 kij — X (^^2 ^^ 2 ^ which is transformable 

into the given canonical shape. 

We have assumed that the determinant of A does vanish. 
If it does, we proceed as in § ?. 

As in § 2, we have : — 

If the determinants of the tvv families of quadratic forms 
2 aijXiXi — A 2 b^jjqxi and 2 CfiX^Xj ~ A 2 x^Xj 
{ivhere c/y = aj^, h-j = 6^^-, Cy = Cy, c?y = t/y) have the same 

invariant-factors, and the determinants of ^hijXiXj and 
^dqX^Xj do not vanish, one family can be transformed 
into the other by a suitable change of variables. 


Ex. 1. Transform into canonical shape the family 

(2x^ + — 113 j/2) — A (25 100 + 12^ y^). 

[Put 5X = a:-f2y, ^ y. Then the family becomes 

(2X2 -f 72Xr+ 23 r^) - A (X2 + r^). 

Now the symmetric substitution ^ is 

^ 25 25 ' 
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transformed into (2x, —y) by the orthogonal substitution 

+ 4rr-f3yx 

^ , g — whose inverse is — g — 5 - ^ y 

Put therefore 5X = 3x--4y, 6Y=4x + 3y, and the family 
becomes (2 — y^) — A (x^ + y'^).] 

Ex. 2. Transform into canonical shape the families 
(5x’2 - 60 ;^ + /) - A ( 2 a; 2 - 2 :r^), 

{—2x^ ^y^^ -\-2yz—2xz)—\(2x^ -\-2xz -\-2xy), 

iyz ^4:zx-ixy)-\[^x^ z^-2yz -{-^zx-^xy). 

Ex. 3. The equation S'— AjS'= 0, where 

S = ax^ + 2 hxy -f hif and S' = + 2 h'xy + Vy\ 

represents an involution pencil. 

If S— AS', when put in canonical shape, becomes 

(A,X'^ + A2y2)-A(x2 + y2), 

X = 0, y = 0 are the double lines of the pencil. 


Putting 2 / = 1. evaluate 


r dx 
SVS 


7 by the substitution z = x/y. 


For instance, take aS = 3rr2 ~ 4a? + 2, S' = 2 a?^ ~ 2 a? + 1. 

[x, y are very readily obtained ; for (Aj — A 2 )x^ = S— A 2 S', &c. 

The integral is made to depend on 

zdz r 

. (Ai> + Aj(lT7)i J '(Ai«'^ + A2)(l+2‘^)i' 

Now put l-\-z^-=u^ or respectively.] 

Ex. 4. Verify by means of this section that the family S— AS', 
where S = ax"^ -^-hy- cz"^ 2fyz + 2 gzx + 2 hxy, 

S'= + h'y^ + c'z^ + 2fyz + 2 g'zx + 2 h'xy, 

and S' is non-degenerate, can be reduced to one of the shapes 
(T — \(t' given in the first table of Ch. IV, § 9 ; and similarly for 
conicoids. 

Ex, 5. Prove that the family of Hermitian forms 
where a,v; = a,,- and h,, — 6,v, can be transformed into 

(^1*1^1 + ^2*2*2+ ••• — ^ (XiXi + * 2*2 + • • • + *m*m) 


if 2 x^ Xj is a positive Hermitian form. 

Ex. 6 . If ^a^jX^Xj and ^h^jX^Xj are real quadratic forms, the 
latter being 2 a^^x^Xj — \ '2h^jX^Xj can be transformed into 
(Ai xi^ + A^ -f . . . 4- A^x^2) - A (xi^ + X 22 + • . . + 
by a real transformation. 


1646 


z 
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TBy a real transformation we can transform the given family 
into + Now put 

it — ••• 

where P“’ is the real orthogonal substitution transforming C into 
a multiplication (Ch. I, § 12).] 

Ex. 7. If the determinants of the alternate form and 

the symmetric form do not vanish, the family 

can be transformed into the sum of families of the type 

(a-^)(y2)*i+y2r-i*2+-+y,+i*,) 

+ (-a-A)(y,x,+i+y,,._iX,+ 2 +...+yiX 2 ») 
+ (ya » *2 + y 2 , - 1 * 3 + • ■ ■ + y. +2 *>■) — (y>- *( +2 + y>- - 1 + • • • + y2 *2 ( ) • 

CA s in § 3, using the last theorem of Ch. VI, § 9.] 

§ 4 . 

We may also prove the result at the end of § 3 by the aid 
of Ch. VI, § 4, Corollary III, without using the results of 
Ch. VI, §§ 5 and 6. 

We know by § 2 that the bilinear family 
can be transformed (as in § 1) into 

since the determinants of the two families have the same 
invariant-factors. Then, with the notation of § 1, we have 
PAQ'= C and PBQ'r= D. 

If, then, we can find It such that RAR'= C and RBR'== D, 
the quadratic family 2 a^jX^Xj-Xl transformed 

into Ic^iXiXj — X^djjX^Xj on replacing 

X, by iTj+r, 2 ^ 2 33, „ (t = 1, 2, ..., m) 

on the supposition = aji, c,;j = Cj^, d^j = (Zjj. 

Now since QAQ' and PQ-KQAQ'= C are symmetric, by 
Ch. VI, § 4, Corollary III we can find T, depending solely on 
PQ~^ (not on QAQ’ or A), such that 

T.QAQ'.r^PQ-KQAQ’. 

Then, since T does not involve A, we shall have also 
'I.QBQ'.T'^PQ-IQBQ'. 

Putting TQ = R, we have RAR'=^ C and RBR'= D, as 
required. 
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IX 4] 

Ex. 1 . Let JTi, L, be the substitutions corresponding to 
the bilinear forms 

A; = {^1 ( - + Sx^) + ( - 2a;i (Bajj 

k^={yi{- 4 :Xi- 4 cX^ + 4 - ^2( - + x., - Sx.^)}, 

A = {^1 ( ~ 4 cX ^ - 4^;^ + 5 JC3) + ^2(- 1^1 +^2 + ^3) I ^ 

h = {^1 ("“^^’2 4“ S%) + ^2 (“'^•^’ 1 4-^^’2+ 2xj) + ;^3 (5a?| + 2 X 2 — 40^3)] . 

Then the family of bilinear forms Ic—^ki is transformed into 
l-'Xli when we replace 

Xi by 3 xi + X2— 2X3, Xo by 2xi + 3x*2--3x3, X3 by 4 xi 4-2x2 — Sxj, 

Hence, if A = ( 3 Xi 4 - ^2““ -^3? 2xi4- 3x2— 3X3, 4x^4- 2X2 — 3X3), 

AK = L and AK^ = Li. 

Now, by Ch. VI, § 4 , Ex. 2, RKM'== L, RK^Rf= where 

= (|Xi+ 1X2-1 X3, fXi4-2X2-|X3, f X34-X2-JX3). 

Hence the family is transformed into Z — when we 

perform on it the congruent transformation corresponding to B, 

Ex. 2. If la^jyiX^ and ^hijy^Xj are alternate bilinear forms 
with non-zero determinant, the invariant-factors of the deter- 
minant of ^u,jy^Xj-^\^ b^^y^Xj occur in pairs of the type 

(X-a)^ (X -«)»•. 

[Transform w b^^y^ Xj by a congruent transformation into 
(x^yi-x^y{) + (Xiy^-x^y^+ ..., 

as in Ch. Ill, § 7 . Then the^ determinant of the family is of 
the type 


0 

Cl 4" X 

b c 



~a— X 

0 

d e 




-cZ 

0 k + \ 


— c 

— e 

-A;-X 0 



-a— X 

0 

d 

e 

0 

— a— X 

-b 

— c 

— c 

— e 

-A;-X 

0 

b 

d 

0 

-A;- 

-X 


taking the forms of degree 4 as an illustration: 

But the latter determinant is the characteristic-determinant of 
the product of the two alternate substitutions with matrices 


0 

a 

b 

c 


0 

1 

0 

0 

— a 

0 

d 

e 

and 

-1 

0 

0 

0 


-cZ 

0 

k 

0 

0 

0 

1 

—c 

— e 

-A; 

0 

i 

0 

0 

-1 

0 


Now use Ch. VI, § 8.] 
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Ex. 8. Show that the family of alternate bilinear forms 

of Ex. 2 can be transformed into the sum of families of the type 
{-a + A) (yzyX, +y 2 ,_iX 2 + ... +yr+l3tr) 

+ («-^)(yr*/-+l+yr-l*r+2+ - +yi*2r) 
-(y2r*2+y2,-l*3+--- +y,+2*,) + (yr*A-+2 + yr-l*r+3+"-+y2*2r). 
and that any such family can be transformed into any given 
similar family with the same invariant-factors. 

[Use the method of § 4, and Ch. VI, § 8, Ex. 6.] 

Ex. 4. Illustrate the theorem of Ex. 3 by a simple example. 

[Use Ch. VI, § 8, Ex. 7 in the same manner that Ch. VI, § 4, 
Ex. 2 was used in Ex. 1.] 

Ex. 5. If and are Hermitian forms with non- 

zero determinant, the unreal invariant-factors of the determinant 
of occur in pairs of the type 

[Transform ^b^jx^Xj into 

+ ^2 ^2 ■b • • • + ““ Xk+l " * ~ ^ni * 

Then the determinant of the family becomes the characteristic- 
determinant of a substitution of the type discussed in Ch. VI, 
§ 12.] 

Ex. 6. Show that the family of Hermitian forms 

:^a,/,Xj-X^h,/,Xj 

of Ex. 6 can be transformed into the sum of families of the type 
(a-A)( 

X2r*l 4"*2r-l X 2 4“ . . • "b Xy.) 

+ (a-A) (i, + ••• +*l*2r) 

+ (»:2r*2 + *2, -1*3 + "• + », +2*,) + (i, *, +2 4” — 1 +,5 "1" ••• "t'X23C2)') 

where (X is unreal, and 

(a - \) (x, Xj + X^.iX 2 4- . . . + XjX,.) -f (x, Xg + X,._iX.j -f . . . -f- X2=^r) 

where a is real, and that any such family can be transformed 
into any given similar family with the same invariant-factors. 

[As in Ex. 3, using Ch. VI, § 11, Ex. 1.] 

§ 6. A Family in which both Determinants vanish. 

If in § 2 the determinants of both and 

vanish, we may reduce the family of bilinear forms to a simpler 
shape as follows. 
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Take any quantity e such that the determinant of 

= 2hijyiXj--€2aijyiX^ 

does not vanish. 

Then the family of bilinear forms becomes 

(l~Xe) {2a^jyiXj-\lhijyiXj}, 
where (1— Xc) X = X. 

This family may be transformed into simpler shape as in § 2 ; 
and then we replace X by X/(l — Xe). 

A similar method applies to a family of quadratic forms. 
For further details of this method, and for the case in which 
the determinant of the family vanishes identically, we must 
refer to the treatises quoted in the preface. 
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